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Abstract: This paper concerns a study of pressure �uctuations beneath hypersonic shock-
wave turbulent boundary layer interactions and the associated acoustic loading on a compres-
sion/expansion ramp. We have employed high-order implicit large eddy simulations and conducted
simulations at Mach 7:2. The spectral analysis of the pressure �uctuations at various locations of
the compression/expansion ramp are compared with the spectra calculated beneath a hypersonic
transitional boundary layer. Similarities and di�erences between the two hypersonic boundary
layers, in the context of acoustic loading, are drawn. Extremely high values of pressure �uctu-
ations are recorded after the shock re-attachement where the maximum pressure gradients are
also observed, indicating that acoustic loading is correlated with areas of high pressure gradients.
Finally, we show the impact of the boundary layer state (attached �ow, turbulence bursts, recir-
culations, shock oscillations, shock re-attachment and expansion fans) on the frequency spectrum
of the pressure �uctuations.
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1 Introduction

Pressure �uctuations beneath supersonic and hypersonic transitional or turbulent boundary layers (TBL),
and to a greater extent shock-wave turbulent boundary layer interaction (STBLI), are a dominant source of
acoustic fatigue that structural elements of aircrafts are exposed to. Subsonic and supersonic TBL have been
studied extensively leading to a signi�cant amount of theoretical publications concerning the amplitude of
pressure �uctuations [1] as well as the roll-o� of the pressure spectrum [2, 3, 4]. These models and theories
have been validated experimentally [5, 6, 7, 8] and also veri�ed numerically [9, 10].

To date, there has been no systematic attempt to investigate the e�ect of hypersonic transitional boundary
layers or STBLI on acoustic loading. Past numerical [11, 12] and experimental [13, 14, 15, 16] studies of
hypersonic STBLI have focused on the structure of turbulence. For instance, Görtler-like vortices have been
observed at Mach 7 around a compression ramp and it was suggested that these vortices are responsible
for the low-frequency motion of the shock wave [12]. Studies of hypersonic TBLs have also been published
[17, 18]; however investigations of the e�ects of transitional or turbulent boundary layers on acoustic loading
are scarce [19, 20].

In this paper, we present a spectral analysis of pressure �uctuations beneath hypersonic STBLI by
performing implicit Large Eddy Simulations (iLES) of a Mach 7.2 turbulent boundary layer over a 33� com-
pression ramp. The ramp angle and free-stream properties have been chosen according to the experimental
set up of Schreyer et al. [16]. It is expected that one or more shocks will form in the supersonic and hy-
personic parts of the �ow. The �ow�eld is a�ected by the interaction between this shock system and the
incoming turbulent boundary layer. In this interaction region large gradients of pressure will occur.

Furthermore, we will show the pressure �uctuations and their frequency spectrum at two locations of
a hypersonic transitional boundary layer, with one being at the end of the transition to turbulence region
and the other in the fully turbulent region. This will allow to showcase similarities and di�erences between
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the various hypersonic boundary layers in the context of acoustic loading. The �ow results for the STBLI
case have been previously compared with available Direct Numerical Simulations (DNS) and experimental
data [21], while the results for the transitional boundary layer presented here are based on a previous more
detailed study by the authors [20].

2 Governing equations and numerical modeling

We have employed the iLES approach in the framework of the in-house block-structured mesh code CNS3D
[22, 23, 24] that solves the full Navier-Stokes equations using a �nite volume Godunov-type method for the
convective terms, whose inter-cell numerical �uxes are calculated by solving the Riemann problem using the
reconstructed values of the primitive variables at the cell interfaces. A one-dimensional swept unidirectional
stencil is used for reconstruction. The Riemann problem is solved using the so-called �Harten, Lax, van
Leer, and (the missing) Contact" (HLLC) approximate Riemann solver [25, 26]. The 9th-order Weighted-
Essentially-Non-Oscillatory (WENO) scheme [27] has been implemented in conjunction with the HLLC
solver. The viscous terms are discretized using a second-order central scheme. The solution is advanced in
time using a �ve-stage (fourth-order accurate) optimal strong-stability-preserving Runge-Kutta method [28].

2.1 Hypersonic �ow over a �at plate

Two �ow cases are considered here, with the �rst one being a hypersonic �ow over a �at plate subjected
to von Kármán atmospheric spectrum at the inlet. The �ow transitions to fully turbulent at a downstream
location, as shown in Figure 1 by isosurfaces of compressible Q-criterion[29, 30] and contour plots of density
and temperature. The results presented here are from simulations performed at Mach6 and turbulence
intensity of the free-stream velocity T u = 3%. Further details about the free-stream and boundary conditions
can be found in [20].

A mesh independence study was performed using three meshes,G1 = 661� 161� 91, G2 = 811� 201� 121
and G3 = 1001 � 251� 151. All meshes are relatively �ne and qualitatively comparable to previous DNS
simulations of fully-turbulent hypersonic �ows [31, 19]. The transition point and the shape factor H (Figure
2) are similarly predicted by the di�erent mesh sizes. The shape factorH is used to assess the compressible
boundary layer �ow; H is de�ned as the ratio of the displacement thickness (� � ) to the momentum thickness
(� ):
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� �
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�
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�
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whereu1 and � 1 are the freestream velocity and density, respectively. Previous studies [32, 33, 34, 35] have
con�rmed the reduction of the shape factor with increasing Reynolds number and the potential asymptotic
limit at high Reynolds numbers. A correlation formula for fully turbulent boundary layers and for a broad
range of Reynolds numbers has been proposed in the literature [35]

H comp = H inc + 0 :4M 2 + 1 :222
Tw � Taw

T1
; (2)

where H inc = 1 :4. The present simulation results are compared with the above formula in Figure 2 showing
good agreement. Averaged �ow statistics are computed by averaging in time over three �ow cycles and
spatially in the spanwise direction. The total simulation time is equal to six �ow cycles.
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Figure 1: Isosurfaces of compressible Q-criterion coloured by Mach number. The density gradient is also
plotted in grayscale on the side of the graph highlighting the transition region. Contour plots of density
and streamwise velocity near the wall, as well as temperature contour plots at various cross sections of the
simulation domain, are also shown.
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Figure 2: Shape factorH development along the plate for three mesh resolutions. An empirical correlation
(Eq. 2) and DNS data[36] are also presented for the fully turbulent �ow regime.

2.2 Hypersonic �ow over a compression/expansion ramp

The second case considered here is a hypersonic �ow over a� = 33 � compression ramp followed by an
expansion corner with the same de�ection angle (Figure 3). The incoming �ow corresponds to a turbulent
boundary layer at Mach 7.2 with a thickness� = 5 mm. Based on the free-stream properties (Table 1) and the
reference length� , the incoming �ow has a Reynolds number ofRe� = 102,731. Periodic boundary conditions
are implemented in the span-wise direction (z) . In the wall-normal direction ( y), a no-slip isothermal wall
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(with a temperature T w of 340 K) is used [37]. High-order implementation of the boundary conditions
requires �ctitious cells to be added inside the wall. The velocity components on these cells are linearly
extrapolated from the computational cells inside the domain. The temperature is also linearly extrapolated
using the speci�ed wall temperature. The density is calculated from the equation of state considering zero
pressure gradient normal to the wall. Supersonic out�ow conditions are applied to the outlet and far-�eld
conditions are applied to the upper boundary. A synthetic turbulent in�ow boundary condition is used to
produce a freestream �ow with a superimposed random turbulence.

36.5 mm

86.0 mm

200.0 mm

16.3 mm

100.0 mm

Figure 3: Schematic representation of the simulation domain with dimensions in mm.

Table 1: Simulation parameters

� (mm) U1 (m/s) P1 (Pa) T1 (K) M 1

5.0 1,146 1,365.6 63.06 7.2
� 1 (kg/m 3) Tw (K) Re� Re� Re�

0.0755 340 102,731 3,500 198

The synthetic turbulent in�ow boundary condition is based upon the digital �lter (DF) method doc-
umented in [38, 39, 40] and, speci�cally validated in the framework of the present iLES code CNS3D in
[41, 42, 23]. According to DF, instead of using a white-noise random perturbation at the inlet, energy modes
within the Kolmogorov inertial range scaling with k� 5=3, where k is the wavenumber, are introduced into the
turbulent boundary layer. Opposite to the von Kármán atmospheric spectrum introduced at the inlet of the
�rst case, the DF does not introduce any large-scale energy modes scaling withk4. A cuto� at the maximum
frequency of 50 MHz is applied, since the �nest mesh used in this study would under-resolve higher values.
The turbulence intensity at the inlet ( T u) is set as3% of the intensity of the freestream velocity.

Following typical resolution recommendations for LES and DNS simulations [43, 44, 10] three relative �ne
meshes were used in this study ranging from �ne wall-resolved LES (G1) to under-resolved DNS (G3). The
mesh is clustered near the corner in the stream-wise direction and near the wall in the wall-normal direction.
The number of mesh points and the mesh spacing are summarized in Table 2 along with the LES and DNS
recommendations from the literature. The present mesh spacing (� y) is scaled using the conventional inner
variable method � y+ = u� � y=� w , whereu� =

p
� w =� w is the friction velocity, � w is the near wall kinematic

viscosity, � w is the near wall shear stress, and� w is the near wall density. A mesh convergence study was
performed in [21] with the two �ner meshes, G2 and G3, showing close agreement in all calculated quantities
and justifying the use of G3 in the further analysis.

The structure of turbulence at the compression/expansion ramp is clearly visualized by iso-surfaces of
the compressible Q-criterion[29, 30] for all meshes in Figure 4. The iso-surfaces are colored with the stream-
wise velocity showing the �ow separation at the corner. The density gradient is also plotted in greyscale
indicating the position and the thickness of the shock. The �ow statistics are computed by averaging in time
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Table 2: Mesh parameters

Nx Ny Nz � x+
min � x+

max � y+
w � y+

e � z+

G1 401 167 107 11:48 41:14 1:0 7:37 13:48
G2 601 249 161 7:7 27:35 1:0 4:26 8:96
G3 801 333 213 5:77 20:4 0:5 3:65 6:77

LES[43, 44, 10] � � � 50 150 � 1:0 � 15� 40
DNS[43, 44, 10] � � � 10 20 < 1:0 � 5� 10

over at least seven �ow-throughs and spatially in the span-wise direction. The total simulation time for each
case is equal to at least twelve �ow-throughs, with the �rst �ve omitted from the calculations for statistical
purposes. The statistical convergence of the simulations has been tested by comparing the results between
�fteen and seven �ow-throughs using mesh G1 resulting in less than2% di�erence.

(a) (b)

(c)

Figure 4: Isosurfaces of compressible Q-criterion coloured by streamwise velocity indicating the �ow separa-
tion at the corner. The density gradient is also plotted in grayscale at the side of the plot highlighting the
position and the thickness of the shock.

For a better visualisation of the �ow separation we show the �ow�eld streamlines over a temperature
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contour plot in Figure 5. In the re-circulation area the temperature is signi�cantly higher compared to the
free-stream conditions, reaching a maximum of570 K at the re-attachment point. In the following section
we will show how the various changes in the �ow �eld (separation, re-circulation, re-attachment, expansion,
etc.) a�ect not only the magnitude of the acoustic loading but also its spectral characteristics.

Figure 5: Flow�eld streamlines and temperature contour plot in the region of the compression/expansion
ramp. All variables have been averaged over time and in the spanwise direction.

The density gradients in Figure 4 indicated the position and thickness of the lambda shock. In Figure
6 we plot the magnitude of the pressure gradient (jr P j) averaged in the spanwise direction and in time.
The formation of a lambda shock is clearly evident in this �gure, while two other areas with high pressure
gradients can also be identi�ed. The �rst one is the expected expansion fan created at the expansion corner
of the ramp. The second is an area above the re-attachment of the �ow on the ramp and very close to the
wall. This area is highlighted in inset (b) of Figure 6 where red colour indicates the maximum values of
pressure gradient calculated near the wall.

Laganelli et al. [1] proposed a theoretical model forP0
rms =q1 beneath compressible fully turbulent at-

tached boundary layers, whereq1 = ( � 1 u2
1 )=2 is the dynamic pressure andu1 is the free-stream velocity.

The model is based on �tting incompressible measurements [45, 46, 47, 48] to compressible �ows by taking
into account the wall temperature and free-stream Mach number:

P0
rms

q1
=

0:006

[0:5 + ( Tw =Taw ) (0:5 + 0:09M 2
1 ) + 0 :04M 2

1 ]0:64 ; (3)

where Taw is the adiabatic wall temperature calculated from the recovery temperature. Previous studies
[8, 49, 50, 51] have suggested that the value in the numerator of Eq. 3 should be between0:008 and 0:010,
with [6] suggesting anRe� dependence. Beresh et al. [8] has proposed a value of0:009 for the incompressible
limit based on an estimated extension of the measured pressure spectra. According to the simulations in
[20], a value of0:008 is suggested for �ows up to Mach8. The theoretical model with the suggested value
(dashed black line in inset (a) of Figure 6) shows good agreement with the calculated values in the areas of
the domain where the �ow is attached and the pressure gradients are low. In the recirculation region the
(normalised) pressure �uctuations increase, while extremely high values are recorded after the re-attachment
of the �ow where the maximum pressure gradients are also observed (Insets (a) and (b) of �gure 6). This is
a strong indication that acoustic loading is correlated with areas of high pressure gradients.
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Figure 9: PSD at various locations on the compression/expansion corner. Figure (f) is comparison of the
spectra among all the locations under consideration.

According to the theoretical arguments made by Ffowcs-Williams [2] for compressible �ows, in the low
frequency region the scaling should follow! ! 0. This observation has been con�rmed by experimental and
numerical studies of supersonic and hypersonic turbulent boundary layers [19, 53, 8, 9]. This is in contrast to
the Kraichnan-Phillips theorem for incompressible �ows [49, 54, 55], which suggests! 2. In our calculations
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Figure 10: PSD at two locations beneath the hypersonic boundary layer over a �at plate.

the low frequency region yields! ! 0, which agrees with the aforementioned analysis. The only exception
to this scaling is shown in the spectrum roll-o� at the end of the transition region on the �at plate (Figure
10a) where the simulations yield! 0:3.

The mid-to-high overlap frequency region appears at su�ciently high Re� values and the spectrum varies
as ! � r with r = 0 :7 to 1:1, in�uenced by the local Reynolds number. This region is associated with
pressure-induced eddies in the logarithmic region of the boundary layer. Its scaling behaviour was predicted
by Bradshaw [3], and was veri�ed theoretically [56] and experimentally [8, 6]. This frequency region can be
identi�ed in all but one calculation points on the ramp and also on the fully turbulent region of the �at plate.
The value of r lies between1:0 to 1:3 depending on the location. The calculations at the foot of the lambda
shock (Figure 9c) did not produce this scaling region while the scaling at the end of the transition region is
! � 0:5. It should be noted that in our calculations the �rst two positions produced a sudden spectrum rise
with a scaling up to ! 2 in a short frequency range. We believe that this frequency increase is related to the
incoming turbulence produced by the digital �lter and the motion of the lambda shock in the case of the
second position but further investigation is required.

Following the mid-to-high overlap frequency region, the spectrum becomes! � 7=3, henceforth called
�acoustic-transition", predicted for isotropic turbulence by Batchelor [57] and observed in various experiments
[58, 59, 60], as well as veri�ed by numerical calculations of supersonic turbulent boundary layers [19, 9]. This
�acoustic-transition� region is present in all the calculated spectra and it is more clear to identify in the spectra
calculated inside the re-circulation bubble (Figure 9c) and close to the re-attachment point (Figure 9d).

The scaling of this frequency region is slightly steeper (! � 3) in the spectrum calculated beneath the foot
of the lambda shock while it is shallower (! � 8=5) in the spectrum calculated at the end of the transition
region. We believe that the oscillating shock and turbulence bursts, for the compression/expansion ramp
and the �at plate, respectively, are responsible for the slope change in this frequency region. The theoretical
prediction for this frequency region by Batchcelor was based on the assumption of isotropic turbulence. The
deviation of the scaling behaviour from ! � 7=3 may be due to the onset of �ow anisotropy and localised
coherent structures; however, this requires further investigation.

At high frequencies the spectrum decays more rapidly reaching a slope proportional to! � 5. Sources
in the sublayer (y+ < 20) contribute to this frequency region according to the theoretical prediction of
Blake [4], with the scaling being validated experimentally, as well [6, 5]. This frequency region appears in
all calculations. In two cases the slope is steeper scaling as! � 6:8; These are the last location close to the
expansion fan in the case of the ramp and the transition region in the case of the �at plate, respectively.

Additionally, in some locations on the ramp (see Figures 9a, 9b and 9e) and also in the fully turbulent
region of the �at plate the last leg of the high frequency encompasses a region of (approximately)! � 8. We
attribute this region to high-speed, compressibility e�ects closer to the wall (y+ < 20). A Mach number
dependence of the spectrum in fully turbulent boundary layers that lead to steeper gradients has also been
observed in experiments [61] and numerical simulations [19].
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4 Conclusions

Acoustic e�ects beneath hypersonic transitional and turbulent boundary layers have been investigated by
performing spatial and spectral analysis of near-wall pressure �uctuations. Simulations of two di�erent �ows,
over a �at plate at Mach 6 and over a compression/expansion corner at Mach 7.2, have been carried out.
The simulations have also been validated against theoretical, DNS and experimental data, where available.
The most important conclusions drawn from the present study are summarised below:

� The modi�ed Laganelli's theoretical model is valid for fully turbulent attached boundary layers but
under-predicts the pressure �uctuations beneath re-circulations or areas of high pressure gradients.

� High SPL values are associated with shock re-attachment and structural panels will be subjected to
the strongest acoustic fatigue in this region.

� Spectral analysis was performed at various points on the compression/expansion ramp and compared
with calculations at points of the �ow over a �at plate. This analysis highlighted similarities be-
tween the transition region on the �at plate and the point beneath the lambda shock on the expan-
sion/compression ramp, where turbulence bursts and shock motion, respectively, alter the spectrum
shape from the one expected beneath turbulent boundary layers.

� The frequency spectrum depends on the boundary layer conditions (attached �ow, recirculations, shock
oscillations, shock re-attachment and expansion fans).

� The pressure �uctuations calculated on the compression/expansion ramp are governed by scaling laws
that are generally in agreement with those found in attached fully turbulent �ows.

� In areas where the boundary layer is attached, a region of very high frequencies with a slope proportional
to ! � 8 was observed. This region is related to high-speed, compressibility e�ects near the wall.
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