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Non-isothermal multiphase flows 
with phase change



A consistent Mathematical framework

Level set advection:

Heaviside advection:

Mass conservation:

Enthalpy equation:

Navier Stokes system:
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A Novel Low Mach Enthalpy Method

Enthalpy Equation:

𝐡 − 𝐓 Relation: 

𝛗− 𝐡 Relation: 
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Consistent time integrators

• The use of the same mass flux  𝐦𝛒	 in 
various transport equa4ons ensures 
numerical stability for high density ra4o 
flows

• Op4on 1: Use the same 4me integra4on 
scheme for mass, momentum and enthalpy 
equa4ons.

• Op4on 2: Include addi4onal stabilizing 
terms (shown in red below) in the 
momentum and energy equa4ons.
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Bhalla et al., A robust incompressible Navier-Stokes solver for high density ratio multiphase flows,  J. Comput. Phys. 390 (2019) . 
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Test problem: isothermal advection of a 
dense bubble in inviscid gas
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Case A

Case B

Case C

Case D

RK-2 integrator is employed for the momentum equation in all 4 cases 

Case A: SSP-RK3 integrator for mass equation. 

Case B: SSP-RK3 integrator for mass equation, and residual force in the 
momentum equation.

Case C: RK-2 integrator for mass equation.

Case D: RK-2 integrator for mass equation, and residual force  in the 
momentum equation

Importance of Consistent Integrators

Cases B, C and D preserve momentum, enthalpy and phase of the system.
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Test problem: isothermal advec3on of a 
dense bubble in inviscid gas

Grid convergence 
study



Solving two phase Stefan 
Problem with density jump

SOLIDIFICATION PROBLEM 

Stefan condition
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Solving two phase Stefan 
Problem with density jump

SOLIDIFICATION PROBLEM 

Stefan condi4on
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Terms in red boxes pertain to density jumps.
These are ignored in the literature.

We consider them.

Heat equations



SOLIDIFICATION PROBLEM 
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Analytical solution:

• R. Thirumalaisamy, A. P. S. Bhalla, 2023, A low Mach enthalpy method to model non-isothermal gas-liquid-solid flows with melting and solidification, International 
Journal of Multiphase Flow, vol. 169, 104605. 

Transcendental equation for 𝜆	: 

Solving two phase Stefan 
problem



Expansion               
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Stefan problem with density 
difference

• R. Thirumalaisamy, A. P. S. Bhalla, 2023, A low Mach enthalpy method to model non-isothermal gas-liquid-solid flows with melting and solidification, International 
Journal of Multiphase Flow, vol. 169, 104605. 



Shrinkage               

Stefan problem with density 
difference
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• R. Thirumalaisamy, A. P. S. Bhalla, 2023, A low Mach enthalpy method to model non-isothermal gas-liquid-solid flows with melting and solidification, International 
Journal of Multiphase Flow, vol. 169, 104605. 
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PCM-gas interface: Tagging cells 
based on the signed distance function 

Liquid-solid interface: 
1. 
2.   
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Laser-induced melting of metals 
with volume change 

Numerical studies have relied on experimental data to validate heat source (e.g., 
laser beams) induced melting of metals and alloys.

We use two phase Stefan analytical solution to validate heat source-induced 
melting of metals in presence of gas.
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Thermocapillary Flows With 
Low Mach Enthalpy Method
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Shrinkage defect Protrusion defect

Simulating Metal Casting 
Defects

Ludwig, A., Wu, M. and Kharicha, A., 2016. Simulation in metallurgical processing: Recent developments and future perspectives. JOM, 68, pp.2191-2197.

Pipe shrinkage
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Simulating Porosity Defects
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Melting and Re-solidification of Aluminum
               (Surface Tension Effects) 



IBAMR is a distributed-memory (MPI) parallel implementation of the immersed 
boundary (IB) method with support for Cartesian grid adaptive mesh refinement 
(AMR). Written in C++ and Fortran.

IBAMR
https://github.com/IBAMR/IBAMR

PETSc
Ax = b
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