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Abstract: The circulation and roll-up of the wake panels in UVLM are used to derive 
the velocity components and characterize wingtip vortices for effective mapping onto 
the LES inlet boundary conditions. Validation of the simulation results with the 
mapped inlet discovering that the missing velocity fluctuations cause discrepancies in 
the vortex core behavior. Hence, incorporating a representative fluctuation profile from 
generated by LES is necessary to synthesize a realistic and accurate vortex flow and 
development. 
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1     Introduction 
 
Wake vortex surfing [1, 2] inspired by migratory birds [3, 4] allows the trailing aircraft to benefit from 
surfing the updraft of the wingtip vortices generated by a leading aircraft. This results in higher lift, 
lesser induced drag [5] and reduced fuel consumption. Accurate prediction of wingtip vortices is critical 
to identifying the optimal formation spacing [6, 7] in longitudinal, lateral, and vertical direction. This 
concept can lead to reductions of greenhouse gas emissions without making modifications to the 
existing aircraft designs. 
 
The concept of wake vortex surfing has been experimentally validated and showcased in military fighter 
jet [8, 9] and transport aircraft [10] within close-range formation flight and eventually expanded to 
commercial passenger aircraft [11, 12] in extended longitudinal range (up to 𝑥𝑥/𝑏𝑏 = 57). For such 
considerably large spacing between the aircraft in formation, the wingtip wake vortices from lead 
aircraft have developed into the mid to far field [13], making the behavior of the vortices more 
unpredictable. As wind tunnel experiments [14] are limited by the physical length of the test sections, 
computational fluid dynamics (CFD) simulation plays a crucial role in predicting the development of 
wingtip vortices further downstream, with the aim of identifying the beneficial region for trailing 
aircraft to surf on. 
 
Some CFD simulations using Reynolds-Averaged Navier Stokes (RANS) [15, 16] models were 
conducted to analyze the optimal lateral and vertical position of unmanned aerial vehicle (UAV) in 
close formation (𝑥𝑥/𝑏𝑏 < 3). The simulation outcomes were deemed largely positive, showing only 
minor deviations from the flight test results. However, the predictive accuracy of RANS model 
deteriorates going downstream of the field due to the limitation in persisting the wingtip vortices [17, 
18]. Therefore, higher fidelity models such as Large Eddy Simulation (LES) [19, 20] or even Direct 
Numerical Simulation (DNS) [21] are necessary for accurately representing the flow field in extended 
formation flight. Vechtel et al. [22] utilized LES to simulate vortex flow fields with slight perturbations 
along the vortex lines, creating a more realistic flow field that reflects actual flight conditions.  The 
simulation covered extended formations up to 62 wingspans in longitudinal direction. 
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The conventional CFD approach for simulating formation flight typically involves placing both the 
leading and trailing aircraft within a single continuous computational domain. Given the substantial 
spacing between aircraft in the extended formation, these simulations require robust computational 
resources resulting in high set-up and running cost. Thus, to reduce the cost, an alternative approach is 
to create a plane with an appropriate wake vortex profile and map it as the inlet boundary condition for 
the simulation domain of the trailing aircraft. The wake vortex is initiated and developed in a separated 
inlet condition (IC) domain before transferring the vortical flow data onto the inlet boundary of the 
main simulation (MS) domain. In this approach the vortex flow in the MS appears to be continuous 
from the IC domain, thereby achieving results comparable to those of a conventional single domain 
simulation. This allows repetitive simulation of MS only, without the computational overhead of 
simulating the entire domain.  
 

 

 
It is well known that the inlet condition is a complex yet critical part for the LES simulation [23]. 
Extensive research on the inlet condition have focused on regenerating the turbulent fluctuation at the 
inlet [24-33]. One of the simplest methods to reproduce the turbulent fluctuations involves introducing 
white noise, which gives a random variation in the fluctuations level, with consistent level of intensity 
at all frequencies. This method, however, has the significant drawback that it lacks in temporal and 
spatial coherence [24]. Any uncorrelated turbulent inlet conditions will greatly impact the flow field 
development and accuracy in the simulation domain downstream.  
 
Hence, most research either focuses on precursor or synthetic methods. Tabor and Baba-Ahmadi [25, 
26] have reviewed the various inlet boundary condition methods and highlighted the deficiency of basic 
mapping method in reproducing the accurate turbulence fluctuation. To address this limitation, Wang 
and McGuirk [23, 27, 28] have demonstrated the recycling-rescaling model (R2M) by applying 
additional forcing mechanisms and explicit velocity correction into the system. Montorfano et al. [29] 
also reported that the internal plane mapping has the closest velocity profile to the theoretical law-of-
the-wall as well as the fluctuation away from the wall. Villers [30] and Dhamankar and Blaisdell [31] 
used the pre-computed database approach, incorporating pre-existing periodic turbulence with rescaled 
phase-amplitude jittering to manipulate the CFD domain inlet boundary. Pierce and Moin [32] 
introduced an azimuthal body force to conquer the wall drag, and an axial body force to drive the 
physical flow for confined swirling inflow boundary conditions in LES. Jiang et al. [33] specified a 
swirling velocity profile with a desired swirl number, serving as the mean velocity profile for DNS and 
LES and adjustable by varying the body force. The proposed analytical solution agrees well with the 
simulation and experimental results for both annular and round jets. The literature above shows that the 
LES inlet conditions can be manipulated to produce the desired flow turbulence.  
 
However, most existing work focus on near-wall turbulence in internal flows and confined simulation 
domains such as jet combustors. Few research addresses the inlet conditions involving wake vortex 
dynamics in freestream airflow. This gap exists for several reasons. Firstly, to model and store the time 
series data of inflow boundary conditions requires significant computational storage [34]. Moreover, 
the data cannot guarantee the turbulence quantities in the domain to be corresponding to prescribed 
target characteristics.  

Figure 1: Inlet condition and main simulation 
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Although LES captures the vortex turbulent structures more accurately, the extension of wake vortex 
development into mid to far field [13] in the IC domain will exacerbate the computational cost of 
generating the wake dynamics, due to the need for fine spatial and temporal resolutions [35]. In this 
paper, the authors propose to employ the unsteady vortex lattice method (UVLM) [5, 36] as IC to 
provide the mean flow field data for LES MS. There are studies using similar models where mean 
velocity data generated from the upstream RANS [37] or vortex methods (VM) [38] are integrated with 
periodic LES velocity fluctuation profiles as inlet conditions for main simulation, but in the context of 
internal pipe flow.  
 
The proposed hybrid method in this work utilizes the efficiency of UVLM to initialize the wake vortices 
as inlet conditions. At the same time, the simulation setup will be conducted with a validated LES 
framework [18] to generate the appropriate fluctuations profile which will be incorporated to synthesize 
and reproduce the turbulence on the mean velocity. This LES results also provides a validation database 
to the wake vortex modeled by UVLM. 
 
2     Methodology 
 
Due to the substantial longitudinal spacing in extended formation, the UVLM will be more efficient 
and cost effective in calculating the preliminary information on vortex roll-up and development around 
lifting surfaces. The UVLM is an extension of the Prandtl lifting line theory, where the aircraft main 
lifting surfaces are modelled as thin sheet vortex panels using Cartesian coordinates. The circulation of 
the trailing vortex in the UVLM is utilized to establish the baseline wake vortex information, including 
mean tangential and axial velocity, necessary for mapping as the inlet boundary conditions for the LES 
main simulation (MS). 
 
The mean flow field from the UVLM is however not favorable for LES inlet boundary due to the lack 
of velocity fluctuations. In LES, the turbulent kinetic energy computation relies on the mean square 
fluctuations of velocity components, 𝑢𝑢′𝑢𝑢′������ [39], which are derived from the resolved large-scale eddies. 
The accurate representation of the velocity fluctuations is also crucial for calculating the Reynolds stress 
tensor, 𝜏𝜏𝑖𝑖𝑖𝑖 = 𝑢𝑢𝚤𝚤′ 𝑢𝑢𝚥𝚥′������, which plays a fundamental role in momentum transfer modeling and turbulent 
mixing process. As such, the velocity fluctuations components 𝑢𝑢′  , 𝑣𝑣′  and 𝑤𝑤′  are deemed crucial 
parameters in LES [23]. These fluctuations play a significant role in reproducing the turbulent flow 
dynamics that facilitate the energy cascade from larger eddies to smaller ones, which is essential in 
momentum transport for predicting the wingtip vortices development in further downstream. Therefore, 
in this work the velocity fluctuations will be synthetically driven by a Fourier-transformed sinusoidal 
equation based on a representation of LES time series data. 
 
With the LES precursor data, the velocity fluctuations are plotted in time domain and frequency domain 
by Fourier transform [40]. To match the IC velocity characteristics with the LES simulations, a synthetic 
forcing term is required to manipulate and rescale the inlet velocity. An LES simulation over the same 
leading wing will be conducted separately to generate the fluctuations profile of velocity components 
to the mean flow field data in IC. 
 
 
2.1     Inlet Condition – Wingtip Vortex by UVLM 
 
The lifting line theory [41] explains the mechanism of trailing vortices in the lift generation process. It 
conceptualizes a finite wing as having an infinite number of horseshoe vortices distributed along the 
aerodynamic centerline throughout the entire wingspan, as shown in Figure 2. The lifting line is created 
by the bound vortices that run across the aerodynamic centers of each airfoil segment of the wing.  



 ICCFD12

Twelfth International Conference on        
Computational Fluid Dynamics (ICCFD12), 
Kobe, Japan, July 14-19, 2024 

ICCFD12-2024- 0103 

 

 4 

 

 

 
Building on the lifting line theory, the unsteady vortex lattice method (UVLM)  [42, 36] uses a lattice 
of horseshoe vortices to discretize a lifting surface into multiple quadrilateral panels. UVLM treats the 
lifting area as a thin surface neglecting the influence of thickness. This method models fluid flow under 
incompressible, inviscid and irrotational conditions, commonly referred to as potential flow. In this 
framework, the velocity potential scalar 𝜑𝜑 satisfies the Laplace’s equation, where ∇2𝜑𝜑 = 0. The wake 
vortex lattices are transported from the trailing edge with vorticity of equivalent strength to the bound 
vortex lattices. The corner points of the free wake lattices move with the local velocity, and the 
following non-penetration condition is applied to all collocation points on the wings, 

where 𝑢𝑢𝑏𝑏  denotes the induced velocity produced by bound vortex lattices, 𝑢𝑢𝑤𝑤  denotes the induced 
velocity produced by wake vortex lattices, 𝑢𝑢∞ denotes the freestream velocity, 𝑢𝑢𝑘𝑘 denotes the surface 
kinematic velocity, and 𝑛𝑛 denotes the local normal vector at the collocation point. Another boundary 
condition is that the flow disturbance diminishes at infinity, as follows,  

 

 
The induced velocities at each point induced by the horseshoe vortices are calculated using the Biot-
Savart law. In flight condition, the UVLM models the force-free wake by forming vortex rings over the 
mean panel surface, as shown in Figure 3. Each discretized quadrilateral panel is attached with bound 

 (𝑢𝑢𝑏𝑏 + 𝑢𝑢𝑤𝑤 + 𝑢𝑢∞ − 𝑢𝑢𝑘𝑘  ) ∙ 𝑛𝑛 = 0 (1) 

 lim
‖𝑥𝑥−𝑥𝑥0‖→∞

𝑢𝑢 = 0 (2) 

Figure 2: Horseshoe Vortex Model [41]. 

Figure 3: Descriptive diagram of UVLM [69]. 



 ICCFD12

Twelfth International Conference on        
Computational Fluid Dynamics (ICCFD12), 
Kobe, Japan, July 14-19, 2024 

ICCFD12-2024- 0103 

 

 5 

vortex lattices, where the leading vortex ring is placed on the panel’s quarter-chord line and the rear 
vortex ring is placed on the next panel’s quarter-chord line. The collocation point is on the three-quarter 
chord line, which falls at the center of the vortex ring. 

 
The UVLM toolkit utilized in this study is SHARPy (Simulation of High-Aspect-Ratio aircraft and 
wind turbines in Python) [43, 44]. It is an open-source software package well-known for simulation of 
nonlinear aeroelastic systems, integrating structural dynamics and aerodynamic solvers [45, 46]. The 
UVLM is solving a system of linear algebraic equations to determine the singularity strengths at every 
time step [47, 48]. The induced velocity at an arbitrary field point, 𝑟𝑟 due to a vortex lattice with vertices 
𝑃𝑃 = {𝑃𝑃𝑖𝑖 , 𝑖𝑖 ∈ [1, 4]} and strength 𝛤𝛤 can be expressed by 𝑢𝑢(𝑟𝑟) = 𝐴𝐴(𝑃𝑃, 𝑟𝑟) 𝛤𝛤, where 𝐴𝐴(𝑃𝑃, 𝑟𝑟) denotes the 
three-dimensional influence coefficient. At discrete time step 𝑛𝑛 + 1, the vorticity distribution of the 
bound vortex elements is determined by applying the non-penetration boundary condition, formulated 
as, 

where 𝐴𝐴𝑐𝑐𝑐𝑐  and 𝐴𝐴𝑐𝑐𝑐𝑐  denotes bound-to-collocation and wake-to-collocation aerodynamic influence 
coefficient matrices,  𝛤𝛤𝑏𝑏 and 𝛤𝛤𝑤𝑤 are the circulation strength vector for bound and wake vortex rings, and 
𝑤𝑤 = (𝑢𝑢∞ − 𝑢𝑢𝑘𝑘) ∙ 𝑛𝑛 represents the normal component of all velocities except those induced by bound 
and wake vortex lattices at the collocation points. The induced velocity is calculated at the field points 
to obtain the influence matrices and the convection velocity of the wake, before the equation solves 
both the bound and wake vortex strength vector 𝛤𝛤𝑏𝑏 and 𝛤𝛤𝑤𝑤 iteratively. 
 
The velocity induced by a vortex ring 𝑙𝑙 over collocation point 𝑘𝑘 can be calculated using the Biot–Savart 
law. For a unit circulation strength, it is expressed as, 

where 𝑑𝑑𝑠𝑠𝑙𝑙 represents the differential element of the vortex segment along the ring 𝑙𝑙, that makes up the 
complete ring 𝐶𝐶𝑙𝑙, and 𝑟𝑟𝑘𝑘𝑘𝑘 is the vector from the collocation point k to the relevant vortex ring at 𝑙𝑙. This 
process involves four evaluations of the Biot-Savart law, corresponding to each vortex segment of the 
closed circuit 𝐶𝐶𝑙𝑙 . The aerodynamic influence coefficient matrices 𝐴𝐴𝑐𝑐𝑐𝑐  and 𝐴𝐴𝑐𝑐𝑐𝑐  are determined by 
calculating all cross-induced velocities at the collocation points and projecting these velocities along 
the normal vector of the respective panel, 

where 𝑘𝑘, 𝑙𝑙 are bound (surface) panel counters, 𝑣𝑣 is the vortex ring counter, and 𝑁𝑁𝑏𝑏 is the number of total 
bound panels, 𝑁𝑁𝑤𝑤 the number of wake panels, and 𝑛𝑛𝑘𝑘 is the total number 𝑖𝑖 the normal vector of the 𝑘𝑘th 
vortex ring (at which the induced velocity is being computed. The propagation equation for the wake 
circulation can be written in discrete time as follows, 

where 𝐶𝐶𝛤𝛤𝛤𝛤 and 𝐶𝐶𝛤𝛤𝛤𝛤 map the circulation of the previous time step to the current one, and they are very 
sparse constant matrices which account for Kelvin’s circulation theorem, which mandates that the total 
circulation of the vortex sheet shed from the trailing edge of the wing remains constant as it moves 
downstream. Additionally, these matrices also comply with Helmholtz’s vortex theorem in the 
convection of the wake, which leads to the rolling up of the wake panels into the concentrated wingtip 
vortex structure. 

 𝐴𝐴𝑐𝑐𝑐𝑐𝛤𝛤𝑏𝑏𝑛𝑛+1 + 𝐴𝐴𝑐𝑐𝑐𝑐𝛤𝛤𝑤𝑤𝑛𝑛+1 +𝑤𝑤𝑛𝑛+1 = 0 (3) 

 𝑢𝑢�⃗ 𝑖𝑖,𝑘𝑘𝑘𝑘 = �
𝑑𝑑𝑠𝑠𝑙𝑙 × 𝑟𝑟𝑘𝑘𝑘𝑘
4𝜋𝜋|𝑟𝑟𝑘𝑘𝑘𝑘|3𝐶𝐶𝑙𝑙

 (4) 

 
(𝐴𝐴𝑐𝑐𝑐𝑐)𝑘𝑘𝑘𝑘 = 𝑢𝑢�⃗ 𝑖𝑖,𝑘𝑘𝑘𝑘𝑛𝑛�⃗ 𝑘𝑘, 𝑘𝑘, 𝑙𝑙 = 1 …𝑁𝑁𝑏𝑏 

(𝐴𝐴𝑐𝑐𝑐𝑐)𝑘𝑘𝑘𝑘 = 𝑢𝑢�⃗ 𝑖𝑖,𝑘𝑘𝑘𝑘𝑛𝑛�⃗ 𝑘𝑘, 𝑘𝑘, 𝑙𝑙 = 1 …𝑁𝑁𝑏𝑏 ,        𝑣𝑣 = 1 …𝑁𝑁𝑤𝑤 
(5) 
(6) 

 𝛤𝛤𝑤𝑤𝑛𝑛+1 = 𝐶𝐶𝛤𝛤𝛤𝛤𝛤𝛤𝑏𝑏𝑛𝑛 + 𝐶𝐶𝛤𝛤𝛤𝛤𝛤𝛤𝑤𝑤𝑛𝑛 (7) 
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Once the flow is fully developed, the roll-up of the wake panels downstream captures the formation of 
wingtip vortices, which is utilized to determine the vortex core center locations (𝑦𝑦𝑐𝑐 , 𝑧𝑧𝑐𝑐 ) and their 
respective core radius, 𝑟𝑟𝑐𝑐. This process helps to establish the initial shape and size of the vortex core. 
The circulation strength calculated from the UVLM is used then to provide data to define the tangential 
velocity field of the vortical flow by the Lamb-Oseen model [49, 50], 

where the circulation of wingtip vortex, 𝛤𝛤𝑣𝑣 is approximately equal to the spanwise-averaged circulation 
strength [51, 52]. A higher 𝛤𝛤𝑣𝑣  typically indicates stronger vortices, or tangential velocity. The tangential 
velocity at any point (𝑦𝑦, 𝑧𝑧) is calculated based on the radial distance, 𝑟𝑟, from the vortex core center, 

The tangential velocity can then be decomposed into Cartesian velocity components 𝑢𝑢𝑦𝑦 and 𝑢𝑢𝑧𝑧 using 
trigonometeri relationships and is the angle 𝜃𝜃 from the selected point to the vortex core center, 

After establishing the tangential velocity, the only velocity component remaining for the inlet condition 
is the axial velocity 𝑢𝑢𝑥𝑥. As wingtip vortices develop, the surrounding airflow curls inward and revolves 
around the center of the vortex core. This dynamic mechanism creates an axial velocity excess right 
after the wing trailing edge, and subsequently transitions into a deficit after a certain distance [53, 54]. 
The axial velocity profile typically shows a deficit of 15% at the center of the core and it tends to restore 
to freestream velocity at about one to two core radius distance from the core center [55], 

With the three-dimensional velocity components derived from the UVLM, inlet boundary conditions 
can be specified for the LES main simulation domain. While the inflow data does not fully capture the 
required dynamic complexities, it does provide initial vortex data to initiate the simulation with high 
efficiency. Validation on the vortices will be performed to assess the accuracy of this approach. 
 
 
2.2     Main Simulation – Synthesized Velocity Fluctuations from LES 
 
LES resolves the large eddies which contain most of the turbulent kinetic energy. The resolved turbulent 
kinetic energy and the Reynolds stress tensor rely heavily on the velocity fluctuation components. 
Hence, the mean flow field data from the UVLM is insufficient to map directly onto the LES inlet 
boundary. The lack of velocity fluctuation components causes the wake vortex to vanish rapidly in the 
near downstream [23] and cannot replicate the realistic wake vortex form. To overcome the issue, the 
velocity fluctuations 𝑢𝑢′ , 𝑣𝑣′ and 𝑤𝑤′ are often the important parameters in LES [23] to reproduce the 
turbulent fluctuations and the wingtip vortex development in the downstream over a long distance.  
 
A prior simulation with identical set-up in LES has been conducted [18]. The spatially and temporally 
coherent turbulence from the LES will be utilized to synthesize the turbulence on the UVLM mean 

 𝑢𝑢𝜃𝜃 =
𝛤𝛤𝑣𝑣

2𝜋𝜋𝜋𝜋�1 − 𝑒𝑒
−1.26 � 𝑟𝑟

2

𝑟𝑟𝑐𝑐2�� (8) 

 𝑟𝑟 = �(𝑦𝑦 − 𝑦𝑦𝑐𝑐)2 + (𝑧𝑧 − 𝑧𝑧𝑐𝑐)2 (9) 

 𝑢𝑢𝑦𝑦 = −𝑢𝑢𝜃𝜃 sin𝜃𝜃 (10) 

 𝑢𝑢𝑧𝑧 = 𝑢𝑢𝜃𝜃 cos𝜃𝜃 (11) 

 𝑢𝑢𝑥𝑥 = 𝑢𝑢∞ ∙ �1 − 0.15 𝑒𝑒
−1.26 � 𝑟𝑟

2

𝑟𝑟𝑐𝑐2�� (12) 
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velocity field. OpenFOAM (Open-source Field Operation and Manipulation) [56] is utilized as the CFD 
software in this research. It is extensively used in CFD application and has proven robustness in 
capturing wake and turbulences phenomena [57, 58] 
 
The Smagorinsky model [59] is employed as the LES sub-grid scales (SGS) model in the current work 
due to its simplicity and effectiveness in handling a variety of turbulent flows. The governing equations 
of unsteady 3D incompressible flow with the subgrid scale stress tensor, 𝜏𝜏𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠𝑠𝑠 from Smagorinsky model 
for LES [39] is as follows, 

The tilde accent indicates spatial filtering using a three-dimensional filter of size 𝛥𝛥. 𝑢𝑢�𝑖𝑖 and 𝑝𝑝� denote the 
filtered velocity and pressure. The SGS stress tensor 𝜏𝜏𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠𝑠𝑠  represents the influence of unresolved 
turbulence, consisting of anisotropic and isotropic parts, 

The anisotropic part, 𝑎𝑎𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠 is correlated with the Smagorinsky eddy viscosity, 𝜇𝜇𝑠𝑠𝑠𝑠𝑠𝑠, the filtered strain 

rate tensor, 𝑆̃𝑆𝑖𝑖𝑖𝑖, and the Smagorinsky constant, 𝐶𝐶𝑆𝑆 which is taken as 0.18 here.  

For the turbulent kinetic energy, 𝑘𝑘𝑟𝑟 in the anisotropic part, it is defined as follows, 

Finally, the subgrid scale stress tensor is formulated with the above constants and variables, 

LES exhibits relatively high fidelity due the fact that the isotropic part constitutes a minor portion of 
the total energy field [60]. By refining the mesh grid, the sub-grid scale volume is reduced, and accuracy 
of the model is enhanced further. The recommended mesh grid size is ranged from 3% to 10% of the 
characteristic dimension of geometry (wing chord length in this case), as stipulated by requirements 
[61]. However, based on the preceding validation study of the vortex core characteristics [18],  the mesh 
cell size within the volume surrounding the vortex core is set to approximately 1.1% chord length. To 
ensure the maximum Courant number below one across the entire flow field, a time-step of 1 × 10−5s 
is utilized. 
 
The simulation is running for 50 chord-flow times to stabilize the transient effects and establish a 
statistically steady flow rate [62]. The velocity data in the time series is subsequently recorded for 
another 50 chord-flow times to ensure thorough and precise acquisition of velocity fluctuations pattern 
over an adequately prolonged duration. The LES fluctuations in time domain are later transformed into 
frequency domain by Fourier transform [40]. From the frequency domain plot, the fluctuations 
amplitude, frequency and phase lag can be identified and form a series of sinusoidal functions to 
reproduce the time-dependent velocity fluctuations, 𝑢𝑢𝑖𝑖,𝑗𝑗,𝑘𝑘

′ (𝑡𝑡) as follows, 

 𝜕𝜕𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝜕𝜕

+ 𝜌𝜌𝑢𝑢�𝑗𝑗
𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

= −
𝜕𝜕𝑝𝑝�
𝜕𝜕𝑥𝑥𝑖𝑖

−
𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

 �𝜏𝜏𝑖𝑖𝑖𝑖 + 𝜏𝜏𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠� (13) 

 𝜏𝜏𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑎𝑎𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠𝑠𝑠 +
2
3
𝑘𝑘𝑟𝑟𝛿𝛿𝑖𝑖𝑖𝑖 (14) 

 
𝑎𝑎𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠 = −2𝜇𝜇𝑠𝑠𝑠𝑠𝑠𝑠𝑆̃𝑆𝑖𝑖𝑖𝑖 

𝜇𝜇𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑝𝑝�(𝐶𝐶𝑆𝑆∆)2�𝑆̃𝑆𝑖𝑖𝑖𝑖� 
(15) 
(16) 

 𝑘𝑘𝑟𝑟 =
1
2
𝜏𝜏𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠 (17) 

 𝜏𝜏𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠 = 2𝜇𝜇𝑠𝑠𝑠𝑠𝑠𝑠𝑆̃𝑆𝑖𝑖𝑖𝑖 −

2
3
𝜌𝜌𝜌𝜌𝑟𝑟𝛿𝛿𝑖𝑖𝑖𝑖 (18) 
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where 𝑢𝑢�𝑖𝑖,𝑗𝑗,𝑘𝑘 is the time-averaged velocity at position (𝑖𝑖, 𝑗𝑗,𝑘𝑘) from the UVLM. The 𝑎𝑎𝑖𝑖,𝑗𝑗,𝑘𝑘 and 𝑏𝑏𝑖𝑖.𝑗𝑗.𝑘𝑘 are 
coefficients determining the amplitude of the cosine and sine components respectively, 𝜅𝜅𝑖𝑖,𝑗𝑗,𝑘𝑘  are 
frequencies associated with each term, and 𝜑𝜑𝑖𝑖,𝑗𝑗,𝑘𝑘  and 𝜀𝜀𝑖𝑖,𝑗𝑗,𝑘𝑘  are phase lag. The summation of the 
trigonometric components introduces periodic fluctuations with specific frequencies and phase angle to 
generate synthetic fluctuations, in relation to its correlated mean velocity magnitude. Combined with 
the Fourier series turbulence data created based on the periodic LES data, the mean flow field solutions 
from the IC, using LES, RANS or even vortex method [63], can transform the desired velocity data to 
be applied on MS inlet boundary, 

Turbulent inlet conditions with synthesized fluctuations from LES consume less computer memory as 
compared to precursor method [64], since the turbulence is regenerated at each time step of the LES 
computation and eliminating the need to store the extensive time series of velocity fluctuations. This 
method also maintains the continuity conditions during the inlet fluctuations generation process [65]. 
 
 
3     Results  
 
This study compares the outcomes of UVLM against literature data to determine the appropriate plane 
for serving as the LES vortex inflow condition. The absence of temporal fluctuations in UVLM leads 
to some discrepancies in the vortex characteristics downstream of the inlet boundary.  To address the 
issue, velocity fluctuations from a LES simulation are processed to derive an equation for reproducing 
the fluctuations synthetically. The detailed analysis of velocity fluctuations across the vortex core 
within the LES is conducted, aims to improve the accuracy and applicability of the synthetized method 
on the vortex inlet condition. 
 
3.1     UVLM Data for LES Inlet Conditions 
 
The wing model geometry and stream field conditions employed for this research are derived from the 
validated simulation presented in the literature [18]. The wing geometry is a symmetrical airfoil 
(NACA0012) profile with a chord length of 0.14𝑚𝑚, a semispan of 0.15𝑚𝑚, and an angle of attack, 𝛼𝛼 of 
10°. The freestream velocity is 34𝑚𝑚/𝑠𝑠 in 𝑥𝑥-direction, not having dynamic inputs such as gusts and 
turbulence. This case set-up assumes a rigid-body condition, neglecting the aeroelastic effects such as 
wing deformation under aerodynamic loads.  
 
In the UVLM, each wake panel induces velocities in the surrounding fluid and experiences velocities 
induced by all other panels, causing the wake to move and rotate. The positions of wake panels are 
iteratively updated based on these induced velocities, ensuring compliance with Kelvin’s circulation 
theorem and Helmholtz’s vortex theorems. These principles collectively caused the wake panels to roll 
up as they convect downstream, forming coherent and concentrated tip vortex structures. The force-free 
wake roll-up modelled by the UVLM is presented in Figure 4. This illustration shows the evolution of 
the wake behind the wing in a steady freestream flow field condition. It shows the wake circulation 
strength, 𝛤𝛤𝑝𝑝 peaking at the mid-span and gradually decreasing towards the wingtip, in an elliptically 
distributed profile. As the wake progresses in the streamwise direction, it is observed that the roll-up 
phenomenon becomes more prominent, leading to a noticeable enlargement in the wingtip vortex 
structures. 

 𝑢𝑢𝑖𝑖,𝑗𝑗,𝑘𝑘′ (𝑡𝑡) = 𝑢𝑢�𝑖𝑖,𝑗𝑗,𝑘𝑘 ∙ �� 𝑎𝑎𝑖𝑖,𝑗𝑗,𝑘𝑘 cos (𝜅𝜅𝑖𝑖,𝑗𝑗,𝑘𝑘𝑡𝑡+𝜑𝜑𝑖𝑖,𝑗𝑗,𝑘𝑘)
𝑛𝑛

𝜅𝜅=1
+ � 𝑏𝑏𝑖𝑖.𝑗𝑗.𝑘𝑘 sin (𝜅𝜅𝑖𝑖,𝑗𝑗,𝑘𝑘𝑡𝑡+ 𝜀𝜀𝑖𝑖,𝑗𝑗,𝑘𝑘)

𝑛𝑛

𝜅𝜅=1
� (19) 

 𝑢𝑢𝑖𝑖,𝑗𝑗,𝑘𝑘(𝑡𝑡) = 𝑢𝑢�𝑖𝑖,𝑗𝑗,𝑘𝑘𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 + 𝑢𝑢𝑖𝑖,𝑗𝑗,𝑘𝑘′ 𝐿𝐿𝐿𝐿𝐿𝐿(𝑡𝑡) (20) 
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The wingtip vortex represented by the spanwise wake panel roll-up are captured at every chord length 
interval along the freestream direction, as shown in Figure 5. The wingtip vortex circulation, 𝛤𝛤𝑣𝑣 can be 
approximated using the spanwise-averaged wake circulation, where 𝛤𝛤𝑣𝑣 ≈ 𝛤𝛤�𝑤𝑤  at the corresponding 
longitudinal position [52]. The spanwise-averaged circulation is also perceived as 𝛤𝛤�𝑤𝑤 = 𝜋𝜋𝛤𝛤0/4, where 
𝛤𝛤0 is the maximum circulation strength at the midspan or wing root position (𝑦𝑦 = 0). To affirm the 
vortex circulation strength estimated by the UVLM, a validation is conducted against the reported 
values in LES, URANS and experimental studies [66]. As shown in Figure 6, the UVLM results fall 
within the reported range. 
 

 

 

 

 
At plane 𝑥𝑥/𝑐𝑐 = 0, the wake panel does not exhibit any roll-up behavior due to the vortex lattice at this 
position is still closely attached to the trailing edge bound panel. However, as the force-free wake panels 
roll up and progress downstream, they form into wingtip vortex structures which provide measurable 
data to determine the dimension and position of the vortex core. Figure 7 shows the downstream view 
on the vortex filament roll-up development, illustrating the presence of vortex core in relative to the 
wing panel (color plot in the background).  

Figure 4: Force-free wake roll-up modelled by UVLM, colored by panel circulation 𝛤𝛤𝑝𝑝. 

Figure 5: Development of wingtip vortex per chord distance downstream. 

Figure 6: Validation of normalized vortex circulation strength with downstream distance. 
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In this study, the authors identified that the vortex filaments with an overall roll-up angle exceeding 90° 
are within the vortex core region. This significant rotation indicates the presence of concentrated vortex 
structures typical of wingtip vortices. With the vortex core region identified, the vortex core center is 
computed by averaging the vertex coordinates of all vortex filament within that area. Subsequently, the 
radial distances from this center point to each filament vertex are averaged to determine the vortex core 
radius, 𝑟𝑟𝑐𝑐 . The vortex core characteristics are then plotted alongside the refence data [18, 66] for 
comparison, as illustrated in Figure 8.  
 

  

 
Comparing the results at plane 𝑥𝑥/𝑐𝑐 = 1, the UVLM data is relatively accurate in both vortex core 
position and size. While vortex cores typically project towards the inboard and downward direction 
[14], the results from UVLM appear to shift too rapidly when it goes downstream. The core radius also 
exhibits an accelerated growth rate. The discrepancy arises because the UVLM is a numerical model 
that utilizes discrete panel representation to approximate the wake vortex behavior. This reduces the 
computational complexity compared to higher-order models but can impact the prediction accuracy, 
especially for the highly dynamic wingtip vortices downstream. Based on the wingtip circulation, vortex 
center location and core radius derived from UVLM, the data at plane 𝑥𝑥/𝑐𝑐 = 1 demonstrates the most 
promising outcome amongst the planes, showing closely matched profile with reference data. 
Therefore, it will be utilized to populate the velocity components required for the LES MS inlet 
boundary conditions using the formulations (8) to (12). The results of LES MS domain with the inlet 
boundary specified by the 𝑥𝑥/𝑐𝑐 = 1 plane data from UVLM are shown in Figure 9. 

Figure 7: Wake panel roll-up in the vortex core region, view from downstream. 

Figure 8: Comparison on the vortex center point position and core radius. 
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Since the mean flow field data prescribed with the UVLM aims to provide an efficient approach to 
initialize the wingtip vortex flow in a LES inlet condition, the mean vortical velocities remain constant 
throughout the simulation. Therefore, the wingtip vortices in the LES MS do not exhibit any turbulence-
like structure, as shown in Figure 9.  In comparison to Figure 4, the vortex core appears to maintain a 
relatively consistent core diameter downstream. To examine the vortex development with the inlet 
conditions initialized by UVLM, the flow field quantities across the vortex core in the cutting planes 
are extracted for assessment against the published data [18]. The comparisons on the tangential and 
axial velocities are illustrated in Figure 10 and Figure 11, respectively.  
 

  

 

 

 
At the inlet boundary (𝑥𝑥/𝑐𝑐 = 1), the inlet condition by UVLM is showing the right vortex characteristic 
as per expected. The tangential velocity peaks and the trough are at similar locations, indicating the 
center position and radius of the vortex core. The magnitude is slightly higher than the LES data, likely 
due to the smaller core radius specified. The axial velocity also exhibits a deficit of approximately 15%, 
as defined by the equation (12).  

Figure 9: LES main simulation (MS) with the mean inflow conditions derived from UVLM, 
visualized with 𝑄𝑄-criterion and colored by the velocity magnitude. 

Figure 10: Validation on normalized tangential velocity magnitude 𝑢𝑢𝜃𝜃/𝑢𝑢∞. 

Figure 11: Validation on normalized tangential velocity magnitude 𝑢𝑢𝑥𝑥/𝑢𝑢∞. 
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As the flow develops downstream, it is noticed that while the tangential velocity maintains a satisfactory 
level of magnitude, the position of the vortex core remains stationary, with its center fixed at 0.07𝑐𝑐 
inboard. Similarly, the trough position of the axial velocity deficit does not shift as predicted by the 
LES data. Moreover, the deficit profile diverges further from the LES charts, possibly due to the overly 
specified initial deficit value. The discrepancies in the core position are caused by the absence of time-
varying velocity components at the inlet boundary. In LES, the fluctuation components play a crucial 
role in computing the kinetic energy and the Reynolds stress tensor. These parameters in turn affect the 
flow dynamics and turbulence characteristics within the domain, resulting in inaccuracies in vortex 
development. The fluctuations level of the inlet velocities is however correlated with both the spatial 
and temporal scale. Hence, in the following section, the authors are exploring the development of 
representative fluctuations at the inlet conditions from LES. 
 
 
3.2     Synthesized Fluctuations from LES 
 
Wingtip vortices feature a vortex core characterized by intense tangential velocity and a deficit in axial 
velocity. Hence, the three-dimensional velocity components and their respective fluctuation levels vary 
significantly across the inlet plane. To synthesize the mean-velocity inlet conditions generated from 
UVLM, it is necessary to derive the dedicated synthetic Fourier series equations for each directional 
component. Therefore, the UVLM case setup is replicated in LES to simulate the generation of wingtip 
vortices. The airfoil profile is NACA0012 instead of flat plat, and the flight condition corresponds to a 
chord-based Reynolds number of 𝑅𝑅𝑒𝑒𝑐𝑐 = 3.25 × 10−5.  
 
The simulation focuses on capturing the time-series fluctuations incorporated with the vortex flow and 
utilizing them to reproduce the representative turbulence on the constant inlet conditions. Figure 12 
illustrates the airflow over the NACA0012 wing with 𝛼𝛼 = 10°, the wake vortex is characterized by a 
tube-like vortex core structure along the streamwise direction. This core structure is accompanied by 
turbulence induced by flow separation from the wing geometry. It shows a more realistic flow field 
representation on the wingtip vortex as compared to Figure 9. The study will investigate the velocity 
fluctuations at the plane 𝑥𝑥/𝑐𝑐 = 1, which corresponds to the inlet plane as defined by UVLM. 
 

 

 
On the plane of 𝑥𝑥/𝑐𝑐 = 1, the point with the highest tangential velocity is chosen as the reference point 
for deriving the fluctuation profile. It is positioned at the circumference of the vortex core radius, 

Figure 12: Wake vortex in LES IC domain visualized with 𝑄𝑄-criterion, 
colored by velocity magnitude. 
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representing the most kinetic and energetic region within the plane. The three-dimensional time series 
velocity fluctuation is normalized by the mean velocity magnitude at the selected point and plotted in 
Figure 13, to provide a perspective on the relative fluctuations observed at the most dynamic points 
within the plane. 
 

 

  
Direct utilization of the time domain data in synthetic method is not feasible, the data must be 
transformed into frequency domain to enable the extraction of crucial parameters for the sinusoidal 
equations such as amplitude, frequency and phase lag. The frequency domain plot in Figure 14 reveals 
that the spectral peaks are prominently concentrated below 500Hz, consistent with the observations 
reported in other literature with moderate Reynolds number [67]. In addition, there are some minor 
amplitude peaks detected in the frequency spectrum between 1kHz and 3kHz.  
 

 

 

Figure 13: Time domain plot of the normalized velocity fluctuations, 𝑢𝑢’/𝑢𝑢� on the point 
with maximum tangential velocity, 𝑢𝑢𝜃𝜃,𝑚𝑚𝑚𝑚𝑚𝑚 at plane 𝑥𝑥/𝑐𝑐 = 1 in LES IC. 

Figure 14: Frequency domain plot in amplitude, 𝑎𝑎𝑖𝑖,𝑗𝑗,𝑘𝑘 and phase, 𝜑𝜑𝑖𝑖,𝑗𝑗,𝑘𝑘spectrum, 
corresponding to the time domain plot in Figure 13. 
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The wake roll-up from the wingtip is associated with the small-scale turbulence which are characterized 
by high frequency fluctuations [68]. For instance, at the plane near to the turbulent boundary layer 
(𝑥𝑥/𝑐𝑐 = 0), the high frequency fluctuations are equally dominant as those lower frequencies. However, 
as the wake vortex evolves downstream, the intensities of high frequency fluctuations gradually 
diminish as shown in Figure 15. The velocity fluctuations of the wake vortex are transitioning towards 
lower frequency and higher amplitude as it progresses beyond the unsteady separation. This 
phenomenon explains the observation in Figure 14, where the flow dynamics are mainly driven by the 
lower frequency fluctuations, while the high frequency fluctuations manifest with minimal amplitudes 
due to the remnants of small eddies. 
 

  

 
With the corresponding amplitude, frequency and phase lag, the time series fluctuations synthesized by 
the Fourier series equations are plotted in Figure 16 to validate against the fluctuation profile from LES 
IC. In the diagram, despite the synthetic profile only exhibiting subtle high frequency perturbations 
along the chart, the general synthetic fluctuations closely resemble the inlet condition profile. 

 
 

 

 
This validated synthetic formulation proves the feasibility of regenerating the velocity fluctuations on 
the LES inlet flow. Given that the validated fluctuations profiles are normalized by the mean velocity 
magnitude at the same spatial point, the synthesized method should be applicable to all grid points on 
the inlet, assuming the fluctuations magnitude is directly proportional to the respective directional mean 
velocity magnitude. This approach ensures that the fluctuations intensity applied across the vortex core 
are appropriately distributed according to their flow field activity. To validate this, the instantaneous 
velocity fluctuations across the vortex core are normalized by the mean velocity magnitude at each 
respective grid point in Figure 17. Fluctuations data across the vortex core are plotted along both the 𝑦𝑦-
axis and 𝑧𝑧 -axis to provide insights of how velocity fluctuations vary across the core in the two 
orthogonal directions. The objective is to achieve a nearly horizontal line with minimal deviation. This 
chart serves to indicate if the velocity fluctuations level is consistently conforming to a constant 

Figure 15: Velocity fluctuations contour in the LES IC domain, at planes 𝑥𝑥/𝑐𝑐 =0, 1, 2 and 3. 

Figure 16: Validation of the time series synthesized fluctuations profile. 
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percentage of their mean velocity magnitude across the vortex core.  
  

 

 
Figure 17 shows that the magnitude of fluctuations does not remain constant relative to the mean 
velocity magnitude, especially within the vortex core. Despite in the highly turbulent region, the 
normalized axial velocity fluctuation 𝑢𝑢𝑥𝑥′  / 𝑢𝑢�𝑥𝑥  is maintained below ±3% along both axes. The axial 
velocity is largely driven by the freestream velocity, the fluctuations induced by the vortex shedding do 
not exert a significant influence over the dominant streamwise airflow. Along the measurement axis 
across vortex core, the velocity vector in parallel direction (𝑢𝑢𝑦𝑦 along 𝑦𝑦-axis, and 𝑢𝑢𝑧𝑧 along 𝑧𝑧-axis) is 
near zero value due to the tangential velocity vector being perpendicular to the axis. Consequently, the 
normalized fluctuation errors tend to increase sharply near the core circumference. Despite the 
dominance of the crossflow velocity (𝑢𝑢𝑧𝑧  along 𝑦𝑦 -axis, and 𝑢𝑢𝑦𝑦  along 𝑧𝑧 -axis), the vortex core is 
characterized by having near zero tangential velocity. This results in a spiking error at the core center 
region, affected area is less than 20% of the core diameter. The phenomenon is compounded by intense 
turbulent activities including flow perturbations and vortex core meandering, leading to significant 
spikes in both lateral and vertical fluctuations. 
 
As a result, the synthesized Fourier series equation cannot be universally applied across all grid points 
on the inlet boundary. The potential strategy to address this limitation could involve incorporating 
conditional formulation in the synthesized fluctuation equations. An additional derivation on the 
fluctuation within vortex core is required to establish the conditional approach and to mitigate potential 
singularity errors.  
 
 
4     Conclusion 
 
The motivation for this research is driven by the CFD application of wake vortex surfing in extended 
longitudinal field. With the variety of formation configurations and positioning, evaluating the effects 
of vortex surfing on the trailing aircraft in each permutation will require extensive simulation efforts 
and substantial computational resources. To streamline this process, an efficient UVLM is employed to 
predetermine the wingtip vortex downstream. This vortex serves as the inlet conditions for the main 
LES simulation, effectively reducing the simulation domain size to begin just before the trailing 

Figure 17: Normalized velocity fluctuations 𝑢𝑢’/𝑢𝑢� across vortex core in 𝑦𝑦-direction (left) 
and 𝑧𝑧-direction (right) at plane 𝑥𝑥/𝑐𝑐 = 1. 
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aircraft’s position. This method also enables repeated assessments of aerodynamic performance across 
different aircraft types and positions.  
 
The authors have successfully demonstrated the effective mapping of vortical flow from a UVLM 
model to the LES inlet boundary condition. Despite limitations of the UVLM model such as accelerated 
vortex core development, accurate representation of the vortex at the inlet of LES MS domain can be 
achieved through careful selection of the inflow. Future research may explore the correlation between 
the vortex growth rate in UVLM and actual cases. This will enable the identification of specific planes 
within UVLM that can be mapped onto the LES inlet to represent a more downstream plane. 
 
Using the fluctuations characteristics extracted from a separated LES simulation, the authors formulated 
the Fourier series sinusoidal expression to synthesize the temporal velocity data. However, due to the 
unique flow dynamics within the vortex core, the normalized fluctuations technique that effectively 
regenerating the fluctuations on the mean velocity profile for most of the grid points is not applicable 
to certain areas or specific directional components. This highlights the challenges in specifying the 
accurate vortex velocity fluctuation on the inlet boundary condition. Future research will further derive 
the fluctuations within the core and focus on developing potential solutions, such as conditional 
mapping or introducing additional terms to improve the model. 
 
In conclusion, this paper presented an efficient inlet mapping method tailored for the vortices in 
freestream airflow applications. This research differs from existing research which predominantly 
focuses on boundary layer turbulence in internal flows. The turbulence characteristics of vortex core 
are correlated in all directions and subject to specific growth and dissipation rates, highlighting the 
contribution of this research in advancing CFD techniques for studying wake vortex interactions and 
their effects on trailing aircraft performance. 
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