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Abstract:
In this work we present a primitive update scheme for the full-disequilibrium Baer-Nunziato equa-
tions that is mixture total energy conservative and valid for generic equations of state. The update
scheme is derived for a generic thermodynamic variable and is independent from the chosen spa-
tial discretization. We show results of various Riemann problems from the literature obtained by
updating phasic temperatures through the proposed scheme, and compare them to the standard
approach and analytical solutions. Mixture total energy imbalance is assessed, and computational
speed-ups using the Span-Wagner equation of state are briefly discussed. Finally, the scheme is
tested in complex thermodynamic conditions on a two-phase non-ideal and a two-fluid non-classical
Riemann problem, using the Span-Wagner equation of state with vanishing phases.

Keywords: Primitive formulation, Mixture conservative scheme, Non-ideal compressible fluid
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1 Introduction
Compressible multi-phase flows are ubiquitous in nature and are of great interest for many engineering
applications such as nuclear power plants, steam turbines, and fuel injectors. Most of these systems are
characterized by compressibility effects and complex thermodynamic behavior that requires expensive
state-of-the-art thermodynamic models. In many cases, the effects of mechanical and thermal disequi-
librium between the phases also play a major role in the behavior of these complex systems, hence the
need for accurate and robust numerical tools able to model this kind of flow.

The Baer-Nunziato [1] (BN) model is widely used in the literature to describe compressible two-phase
and two-fluid flows at both mechanical and thermal disequilibrium. The BN model can be split into a
set of hyperbolic equations, on which we focus in this work, and a set of relaxation equations. The
hyperbolic equations are historically written and solved for the two partial densities, momentums, total
energies, and the volume fraction because the sum of these equations naturally yields conservation of the
mixture density, momentum and total energy. Compared to the Euler equations for single-phase flows,
the numerical solution of the BN model presents many additional difficulties. Firstly, it requires closures
for the interfacial velocity and pressure [2, 3] present in the non-conservative terms that model interfacial
interactions between phases. The numerical integration of these terms requires particular care to avoid
spurious oscillations at material interfaces, namely it must preserve the pressure-velocity non-disturbance
condition of Abgrall [4]. One of the main methods used to integrate the non-conservative terms is the
path-conservative approach put forward by Pares & Castro. [5, 6]. This approach has been extensively
applied to the BN equations and two-phase models, see for example [7, 8, 9, 10], but have been shown
not to be capable of computing the correct solution of non-conservative systems [11, 12].

In addition to these numerical difficulties, solving the PDE system resulting from the BN model
is intrinsically expensive due to the number of equations and the need for an equation of state (EoS)
for each phase. Since the use of an accurate EoS is a common requirement for accurately modeling
many engineering problems related to two-phase flows, particularly near saturation, metastable or critical
conditions, the EoS evaluation can become a limiting factor. This is true for example for thermodynamic
models such as the Span-Wagner (SW) EoS [13] when evaluated through density and energy, which are

1



 ICCFD12

Twelfth International Conference on
Computational Fluid Dynamics (ICCFD12),
Kobe, Japan, July 14-19, 2024

the naturally available variables in a standard compressible BN solver. The tabulation of the EoS
in so-called look-up tables (LUT) [14] has been widely adopted in the field of non-ideal compressible
fluid dynamics (NICFD) [15] to decrease the computational burden. The LUT approach is based on
a dataset containing the thermodynamic properties of a fluid computed in a pre-processing step, with
an accurate but expensive EoS. During the simulation, the evaluation of the thermodynamic state is
based on interpolation of these discrete data. Look-up tables have also been applied in simulation of
two-phase flows with phase-transition [16, 17, 18]. However, thermodynamic stability and consistency
are not guaranteed in standard LUT methods [19].

An alternative strategy to decrease the computational cost is to use a primitive formulation of the
governing equations, namely in the natural variables in which the EoS is expressed. For instance, the
multiparametric EoSs, such as SW EoS, are expressed in terms of density and temperature. If the
governing equations are expressed in the conservative variables, the evaluation of the thermodynamic
state requires solving a non-linear equation. On the contrary, if density and temperature are already
available via the PDE integration, the evaluation of the thermodynamic state is straightforward and
cheaper.

In the context of compressible two-phase flows, only some pressure formulations have been proposed.
Some examples include a pressure formulation or the simplified Kapila model by Abgrall et al. [20], a
single-pressure six equation model by Zhang et al. [21] and a full-disequilibrium pressure-based BN-type
model by Re & Abgrall [22]. To the best of our knowledge, in the literature, there is no temperature-based
formulation of the full-disequilibrium BN model. The non conservative nature of these formulations leads
to errors in captured shock speeds and jump conditions. Thomann & Dumbser [23] have recently devel-
oped a numerical scheme for compressible two-phase flows that discretizes two entropy inequalities and
obtains total energy conservation as a consequence of the thermodynamically compatible discretization
proposed by Abgrall et al. [24]. Their scheme solves a symmetric hyperbolic and thermodynamically
compatible (SHTC) model for two-phase flows [25, 26], which in the stiff relaxation limit tends to a
BN-type model. However, it is currently limited to the polytropic ideal gas (PIG) assumption.

In a previous work focused on single-phase flows, the authors derived a primitive update scheme for
the Euler equations under an arbitrary EoS [27] that conserves total energy, similarly to the residual
correction approach presented by Abgrall [28]. Instead of the total energy, the scheme updates the
primitive variable φ, which can be any thermodynamic variable, such as pressure, temperature, internal
energy, entropy, or enthalpy. Notably, the primitive scheme that updates temperature instead of total
energy led to a speed-up of up to 700% when using the SW EoS implemented through the thermodynamic
library CoolProp [29].

Starting from these findings, in this work, we aim to extend this primitive update scheme to a
full-disequilibrium BN solver. The idea is to advance the phasic temperatures instead of evolving the
partial total energies, as usually done in standard BN solvers, preserving the conservation of the mixture
total energy and minimizing the costs associated with accurate EoS, while avoiding thermodynamical
inconsistencies possibly generated by look-up tables.

The structure of the paper is as follows. Section 2 describes the primitive update scheme of a generic
phasic thermodynamic variables φk instead of updating the partial total energies. Section 3 presents
the results of the temperature update scheme, that is with φk = Tk. We start showing the results of
1D Riemann problems from the literature using the PIG EoS in section 3.1. In section 3.2 we assess
the pressure-velocity non-disturbance condition [4] using the SW EoS and briefly discuss computational
costs. Throughout these first two sections we assess the imbalance of mixture total energy in time. In
section 3.3, the spatial convergence order is measured using the method of manufactured solutions [30]
using the polytropic van der Waals (vdW) EoS [31]. Then, to assess the behavior of the scheme when
complex thermodynamic behavior is dominant, in section 3.4 we present one two-phase non-ideal [15]
and one two-fluid non-classical [32, 33, 34] Riemann problem with vanishing phases using the SW EoS,
with instantaneous mechanical relaxation. Finally, we draw conclusions in section 4.
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2 Numerical scheme
The hyperbolic part of the full-disequilibrium BN model for phases k = 1, 2 reads

∂

∂t


αk

αρk

αρuk

αEt
k

+∇ ·


0

αρuk

αk (ρuk ⊗ uk + PkI)

αk (E
t
k + Pk)uk

+


uI

0

−PII

−PIuI

 · ∇αk = 0. (1)

We define the vector of evolution variables qk = [αk, αρk, αρuk, αE
t
k], which is composed of the volume

fraction and the partial density, momentum, and total energy, respectively1. We also define the phasic
pressures Pk, temperatures Tk, and internal energies per unit volume Ek. We use the original Baer-
Nunziato [1] closure for the interfacial velocity uI = u2 and interfacial pressure PI = P1. The system
of Eqs. (1) is closed by a thermodynamic model for each phase (or fluids) and the saturation condition
α1 + α2 = 1.

The BN Eqs. (1) cannot be written in conservative (or divergence) form, because of the non-
conservative product involving the gradient of the volume fraction. By summing Eqs. (1) over phases k,
the non-conservative terms containing ∇αk cancel out and we retrieve the Euler conservation equations
for the mixture density ρm, momentum ρum and total energy Et

m, with Pm = α1P1+α2P2 being the mix-
ture pressure. We can rewrite the BN Eqs. (1) in a more compact form including the evolution variables
of both phases in the vector q = [α1, αρ1, αρu1, αE

t
1, αρ2, αρu2, αE

t
2] and noting that ∇α1 = −∇α2

∂q

∂t
+∇ · F (q) +G(q) · ∇α1 = 0, (2)

where F (q) are the conservative fluxes and G(q) · ∇α1 the non-conservative terms. After applying the
divergence theorem, the integral form of Eq. (2) in domain Ω reads∫

Ω

∂q

∂t
dV +

∮
∂Ω

F (q) · n̂dA+

∫
Ω

G(q) · ∇α1dV = 0, (3)

where n̂ is the outward unit vector normal to the domain boundary ∂Ω. By discretizing the domain
Ω in finite volumes Ci and using forward Euler time integration from time tn to tn+1, we write the
time-discrete version of Eq. (3) as

∑
Ci∈Ω

[∫
Ci

(
qn+1
i − qn

i

∆t

)
dV +

∮
∂Ci

F (qn) · n̂dA+

∫
Ci

G(qn) · ∇α1dV

]
= 0. (4)

We define the discretized residual Φi of the BN equations on a finite volume Ci as

Φi(q
n) ≃

∮
∂Ci

F (qn) · n̂dA+

∫
Ci

G(qn) · ∇α1dV. (5)

The previous expression encompasses the spatial discretization of the governing equations. We integrate
the convective fluxes and non-conservative terms using the HLLC-type Riemann solver with approx-
imated two-phase contact by Lochon et al. [35], which allows the use of arbitrary equations of state
and integrates the non-conservative products using the thin layer approximation [36] which enforces the
pressure-velocity non-disturbance condition [4]. To achieve second-order accuracy in space, we employ
the reconstruction procedure of Schwendeman [36] in conjunction with the slope limiter of Barth & Jes-
persen [37]. While doing this, we reconstruct primitives pn = [α1, ρk,uk, Pk] instead of the evolution
variables qn to preserve the pressure-velocity non-disturbance condition.

We now drop the summation on Ci ∈ Ω in Eq. (4) and focus on the discrete balance for a single finite
volume Ci, with the discrete space integrals defined in the right-hand side of Eq. (5). The forward Euler
time integration scheme deriving from Eq. (4) and Eq. (5) for a single finite volume Ci simply reads

qn+1
i = qn

i − ∆t

Ci
Φi(q

n). (6)

1When subscript (·)k is applied to a group of variables starting with α, it refers to all variables in that group, for
example αρuk = αkρkuk
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Analogously to what was done for single-phase flows in [27], we use the previous expression to directly
update the volume fraction, partial densities, and partial momentums, whereas, as described below, we
proceed differently for partial total energies.

2.1 Primitive update for the partial total energy equations
In this subsection, we illustrate the update strategy based on the phasic primitive variable φk that
replaces the direct updates of the partial total energies in Eq. (6). To ease the notation, we drop the
subscript (·)i as we now focus on a single finite volume. We drop also the subscript (·)k as all equations
here refer to the phase k.

Assume that the EoS for the phase k can be expressed in the form E = E(ρ, φ), where, as said in
the introduction, φ is a thermodynamic variable arbitrarily chosen among [T, P, e, s, h], where the last
three variables are, respectively, phasic the internal energy, entropy, and enthalpy per unit of mass. The
partial total energy is defined as

αEt = αE(ρ, φ) +
1

2
αρu2. (7)

By summing and subtracting αn+1En to (7), we can write the time-discrete jump of partial total energy
as

∆(αEt) = ∆(αE) +
1

2
∆(αρu2) =

[
αn+1En+1 − αnEn +

(
αn+1En − αn+1En

)]
+

1

2
∆(αρu2)

= αn+1∆E + En∆α+
1

2
∆(αρu2).

(8)

where the jump in the phasic internal energy ∆E is the only unknown term. The time derivative of
the phasic internal energy can be written in terms of its thermodynamic derivatives Eφ,ρ =

(
∂E
∂φ

)
ρ

and

Eρ,φ =
(

∂E
∂ρ

)
φ

as

∂E

∂t
= Eφ,ρ

∂φ

∂t
+ Eρ,φ

∂ρ

∂t
. (9)

Integrating Eq. (9) between tn and tn+1 and assuming Eφ,ρ = Eφ,ρ and Eρ,φ = Eρ,φ constants, we
derive an approximation for ∆E:

∆Eappr ≃ Eφ,ρ∆φ+ Eρ,φ∆ρ (10)

which can be substituted into Eq. (8), yielding

∆αEt ≃ αn+1

(
Eφ,ρ∆φ+ Eρ,φ∆ρ

)
+ En∆α+

1

2
∆(αρu2). (11)

In Eq. (11) there are two distinct contributions to the jump of partial total energy: a term containing an
approximation of the jump of phasic internal energy ∆Eappr, and two terms containing the exact jumps
of volume fraction and partial kinetic energy respectively. These last two terms are known exactly since
the volume fraction, partial densities and partial momentums have been already updated using Eq (6).

We can use Eq. (11) to write the discrete version of the partial total energy equation in the finite
volume C as ∫

C

(
αn+1

(
Eφ,ρ∆φ+ Eρ,φ∆ρ

)
+ En∆α+

1

2
∆(αρu2)

)
dV +∆tΦαEt

= 0. (12)

We can isolate the term containing ∆φ from Eq. (12) and rename it B for simplicity∫
C

αn+1Eφ,ρ∆φdV︸ ︷︷ ︸
B

+

∫
C

(
αn+1Eρ,φ∆ρ+ En∆α+

1

2
∆(αρu2)

)
dV +∆tΦαEt

= 0. (13)

Using the forward Euler time update scheme Eq. (6) for the generic thermodynamic variable φ, we
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define a pseudo-spatial residual Φφ in the finite volume C as

φn+1 = φn − ∆t

C
Φφ → ∆φ = −∆t

C
Φφ. (14)

The residual Φφ exactly satisfies the approximate partial total energy equation Eq. (12). Substituting
Eq. (14) into the definition of B, we obtain

B =

∫
C

αn+1Eφ,ρ

(
−∆t

C
Φφ

)
dV = −∆tΦφ 1

C

∫
C

αn+1Eφ,ρdV︸ ︷︷ ︸
ω

= −∆tΦφω. (15)

Plugging this new expression for B back into Eq. (13), we get

−∆tΦφω +

∫
C

(
αn+1Eρ,φ∆ρ+ En∆α+

1

2
∆(αρu2)

)
dV +∆tΦαEt

= 0. (16)

We can invert this expression to find an equation for the pseudo-spatial residual Φφ for the generic phasic
thermodynamic variable φ. This, together with the update formula Eq. (14), finally yields:

Φφ =
1

ω∆t

[∫
C

(
αn+1Eρ,φ∆ρ+ En∆α+

1

2
∆(αρu2)

)
dV +∆tΦαEt

]
φn+1 = φn − ∆t

C
Φφ .

(17)

As mentioned, ∆α, ∆ρ and ∆(αρu2) in Eq. (17) are exactly known from Eq. (6). Contrarily, Φφ, and
consequently φn+1, are all functions of the approximate unknowns Eφ,ρ and Eρ,φ. From here on, the
scheme is identical to that presented in [27], but we summarize it here for convenience. We move the
unknowns from Eφ,ρ and Eρ,φ to ρ and φ by assuming{

Eφ,ρ = Eφ,ρ(ρ, φ)

Eρ,φ = Eρ,φ(ρ, φ) .
(18)

We then define ρ =
(
ρn+1 + ρn

)
/2 as we already know the updated phasic densities so that the problem

is now limited to a single unknown φ. Using Eq. (17) and (18), we define φn+1(φ) and use it to compute
both the approximate internal energy jump as defined in Eq. (10) and the thermodynamically exact
jump through the EoS, namely

∆Eappr(φ) = Eφ,ρ(ρ, φ)∆φ(φ) + Eρ,φ(ρ, φ)∆ρ

∆Etmd(φ) = E(ρn+1, φn+1(φ))− E(ρn, φn) .

(19)

As previously mentioned, the partial kinetic energy jump has already been computed from Eq. (6).
Therefore, if the approximate and thermodynamic internal energy jumps coincide, the approximate jump
of partial total energy Eq. (11) will be equal to the exact one that would result from applying Eq. (6) to
the partial total energy equation. We can define a scalar function F (φ) such that this condition is met,
namely

F (φ) =
∆Etmd(φ)−∆Eappr(φ)

E(ρn, φn)
. (20)

We then apply a root searching algorithm to find φ such that F (φ) = 0. As done in [27], in this work, we
use the secant root search algorithm with a tolerance of |F (φ(k))| < tol = 10−12. Note that we dropped
the subscripts (·)k and (·)i, but the scheme has to be applied independently for k = 1, 2, at each finite
volume. Hence, we solve the equation F (φ) = 0 twice for all finite volumes Ci ∈ Ω.

The procedure described in this section is in principle valid for any choice of the phasic thermodynamic
variable φ = [P, T, e, s, h]. However, we limit ourselves to using the temperature, i.e., φ = T , due to the
computational cost benefits measured in [27] when using the SW EoS [13].

5



 ICCFD12

Twelfth International Conference on
Computational Fluid Dynamics (ICCFD12),
Kobe, Japan, July 14-19, 2024

Left x < 0.5 m Right x ≥ 0.5 m
Phase 1 Phase 2 Phase 1 Phase 2

α [−] 0.9 0.1 0.8 0.2
ρ [kg/m3] 0.5806 0.2068 0.4890 2.2263
u [m/s] 1.5833 1.4166 −0.70138 0.9366
P [Pa] 1.375 0.0416 0.986 6

Table 1: Coinciding shocks-rarefactions test from [38]: initial conditions.

3 Results
In this section, we present a number of 1D test cases to assess the proposed primitive update scheme with
φk = Tk. Firstly, in section 3.1 we show results on various 1D Riemann problems from Adrianov & War-
necke [38]. In section 3.2, we check the pressure-velocity non-disturbance condition [4] in a volume fraction
advection test using the SW EoS [13] through the CoolProp thermodynamic library [29]. Throughout
these first two sections, we will compare the proposed temperature update scheme (T update) to the
standard partial total energy update (αEt update), and provide time plots of the dimensionless mixture
total energy imbalance IE

t
m(t), which is defined as

IE
t
m(t) =

1

CΩ ·
∫
Ω
Et

m(0)dV

{[∫
Ω

Et
m(τ)dV

]
τ=t

−
[∫

Ω

Et
m(τ)dV

]
τ=0

+

∫ τ=t

τ=0

[∮
∂Ω

2∑
k=1

F αEt
k(τ) · n̂dA

]
dτ

}
.

(21)

Note that the non-conservative terms containing ∇αk in Eq. (1) do not appear in Eq. (21) because
their sum over phases k = 1, 2 cancels out by definition. In section 3.3, we use the method of manufactured
solutions (MMS) [30] and the vdW EoS to check that the order of convergence of the underlying spatial
discretization is retained. In section 3.4, we present two Riemann problems with a vanishing phase
using the SW EoS and instantaneous mechanical relaxation [39], modeled through pressure and velocity
relaxation source terms in the volume fraction, partial momentum and partial total energy equations.
These are designed to showcase the robustness of the method in the non-ideal [15] and non-classical [32,
33, 34] regimes.

3.1 Riemann problems - Mixture conservation
Here, we present three Riemann problems from Adrianov & Warnecke [38] to compare the proposed
scheme, labeled “T update”, to the standard scheme that solves the total energy equations, labeled
“αEt update”, and exact solutions. Both phases are modeled under the polytropic ideal gas (PIG)
assumption, with the specific heat ratio γ = 1.4. In all three cases, the domain is x ∈ [0, 1] m, which is
discretized over a uniform grid with ∆x = 2.5 mm. The initial position of the discontinuity is x = 0.5 mm.
The results are shown at time tfinal = 0.1 s, reached using a variable time step satisfying CFL = 0.1,
that is

∆t = max
Ci∈Ω


CFL · Ci∑

Cj∈∂Ci

[
Ai,jλ

max
i,j

]
 with λmax

i,j = max
k

(
|uk,i · n̂|+ ck,i + |uk,j · n̂|+ ck,j

2

)
(22)

The first test, see table 1 for the initial conditions and Fig. 1 for the results, features a compression
shock in phase 1 that is located within a rarefaction fan in phase 2. This wave configuration is used
to test if the scheme able to handle different coinciding waves in the two phases without introducing
spurious interactions. The plots of the phasic densities, pressures and the volume fraction in Fig. 1 show
great overall agreement with the analytical solution, with no evident oscillations in either phase across
the shock in phase 1 located at x ≃ 0.7 m. A kink in the density of phase 2 can be seen across the
two-phase contact located at x ≃ 0.45 m, a similar numerical artifact to that visible in Fig. 8 in Adrianov
& Warnecke [38] using the VFRoe scheme [40].

The second test, see table 2 for the initial data and Fig. 2 for the results, presents a rarefaction fan
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Figure 1: Coinciding shocks-rarefactions test results using PIG EoS. Phasic pressures, densities, and
volume fraction are plotted at t = 0.1s, along with the absolute value of the dimensionless mixture total
energy imbalance in time. The results of the proposed T update scheme, the standard αEt update, and
the exact solution from Adrianov & Warnecke [38] are compared.
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Left x < 0.5 m Right x ≥ 0.5 m
Phase 1 Phase 2 Phase 1 Phase 2

α [−] 0.5 0.5 0.9 0.1
ρ [kg/m3] 0.2702 2 0.4666 1
u [m/s] −3.4016 −1 −2.6667 −1
P [Pa] 0.1 2 0.2148 8.3994

Table 2: Rarefaction attached to contact test from [38]: initial conditions.

Left x < 0.5 m Right x ≥ 0.5 m
Phase 1 Phase 2 Phase 1 Phase 2

α [−] 0.9 0.1 0.1 0.9
ρ [kg/m3] 2.6718 0.9123 1.3359 0.8592
u [m/s] −0.050 1.6305 0.5438 −0.0129
P [Pa] 1.5 1.5666 1.5 1.1675

Table 3: Coinciding contacts test from [38]: initial conditions.

in phase 1 that approaches, from the left, the two-phase contact located at x ≃ 0.4 m. This generates
a parabolic degeneracy in the BN system as the rightmost characteristic of the fan approaches the
two-phase contact speed, see section 8.3 in [38] for details. Results for both the phasic pressures, the
phase 1 velocity, and the phase 1 volume fraction agree well with the exact solution, with some spurious
oscillations away from the two-phase contact being present. The velocity of phase 2 presents significant
oscillations whereas it should be constant. The overall behavior of all variables is consistent with the
numerical results of Adrianov & Warnecke [38] using the VFRoe scheme [40].

The third test, see table 3 for the initial conditions and Fig. 3 for the results, presents two coinciding
contacts for the two phases at x ≃ 0.52 m. In this test, all variables reached a great agreement between
the exact and numerical solutions.

For all three tests, the results for the T update scheme and the standard αEt update scheme are
superimposed in all variables. Looking at the absolute values of the dimensionless mixture total energy
imbalance for all three tests in Figs. 1 2 3, there is no appreciable loss in conservation of mixture total
energy when using the T update scheme compared to the standard αEt update.

3.2 Volume fraction advection - Non-disturbance condition
This test represents the advection at constant velocity of a bubble of nitrogen in a tube of carbon dioxide.
The main goal is to show that the non-disturbance condition for compressible two-phase flows [4] is met.
Phase 1 is nitrogen (N2 [41]) and phase 2 is carbon dioxide (CO2 [42]), both fluids are modeled using
the SW EoS implemented through the thermodynamic library CoolProp [29].

The domain is x ∈ [0, 10] m and the initial position of the bubble is x ∈ [1, 3] m, where the fluid is
99% of nitrogen (α1 = 0.99). Elsewhere, the fluid is 99% carbon dioxide (α2 = 0.99). The domain is
split into 400 uniform cells (∆x = 25 mm). The test conditions are given in table 4. The results are
computed at the final time tfinal = 0.1 s, imposing a CFL = 0.1.

Plots of phasic pressures, velocities, and volume fraction are in Fig. 4. The constant initial pressure-
velocity field is preserved after the two-phase contact moves right at the correct speed. Furthermore, the
absolute value of the dimensionless total energy balance in time in Fig. 4 is close to machine precision
ϵmachine ≃ 10−16 for both the T update and the standard αEt update, although their time plots are
slightly different. We measured the CPU time per iteration in table 5 and the corresponding speed-up
is roughly 440%, confirming the expected cost decrease but with worse results than the value of 700%
measured for the single-phase scheme in [27]. This is caused by the need to reconstruct phasic pressures
instead of phasic temperatures to preserve the pressure-velocity non-disturbance condition [4], negating
some of the computational cost savings that reconstructing phasic temperatures would yield.

3.3 Order testing - Method of manufactured solutions
In this section, we use the method of manufactured solutions [30] (MMS) to demonstrate that the
order of convergence of the underlying spatial discretization is preserved. The underlying idea is to
simply generate an exact solution that need not be physically meaningful. We assume periodic boundary
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Figure 2: Rarefaction attached to contact test: results using the PIG EoS. Phasic pressures, velocities,
and volume fraction are plotted at t = 0.1s, along with the absolute value of the dimensionless mixture
total energy imbalance in time. The results of the proposed T update scheme, the standard αEt update,
and the exact solution from Adrianov & Warnecke [38] are compared.

Bubble x ∈ [1, 3] m Free-stream x /∈ [1, 3] m
Phase 1 Phase 2 Phase 1 Phase 2

α [−] 0.99 0.01 0.01 0.99
ρ [kg/m3] 1.1458 1.1458 1.1458 1.1458
u [m/s] 300 300 300 300
P [Pa] 101325 101325 101325 101325

Table 4: Volume fraction advection test with the Span-Wagner equation of state: initial conditions.

T Update αEt Update
Average iteration time [s/it] 0.0262685 0.116279

Speed-up factor [%] 442.65 100

Table 5: Average computational time per iteration and speed-up factor for the volume fraction advection
test with the Span-Wagner equation of state. Comparison between the T update scheme and the standard
αEt update.
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Figure 3: Coinciding contacts test: results using the PIG EoS. Phasic pressures, velocities, and volume
fraction are plotted at t = 0.1s, along with the absolute value of the dimensionless mixture total energy
imbalance in time. The results of the proposed T update scheme, the standard αEt update, and the
exact solution from Adrianov & Warnecke [38] are compared.
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Figure 4: Volume fraction advection test with the Span-Wagner equation of state, results using the
Coolprop [29] thermodynamic library. Phasic pressures, velocities, and volume fraction are plotted at
t = 0.01s, along with the absolute value of the dimensionless mixture total energy imbalance in time.
The results of the T update scheme are compared to the ones with the standard αEt update.
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Phase 1 (vdW ) Phase 2 (vdW )
γ [−] 1.4 1.35
R [kJ/kg ·K] 327 302
a [s2/m2] 1.370 1.570
b [kg/m3] 0.0387 0.014

Table 6: MMS test: thermodynamic data for the vdW Eos of both phases.

conditions in the domain Ω = [0, 1] m and modeled both fluids under the polytropic van der Waals
equation of state with the parameters defined in table 6.

We define the exact manufactured solution as

pMMS(x, t) =


αMMS
1 (x, t) = α0

1 +Aα1 cos (ωxx+ ωtt)

ρMMS
k (x, t) = ρ0k +Aρk

cos (ωxx+ ωtt)

uMMS
k (x, t) = u0

k +Auk
sin (ωxx+ ωtt)

TMMS
k (x, t) = T 0

k +ATk
sin (ωxx+ ωtt)

(23)

and substitute it into the Baer-Nunziato hyperbolic operator Eq. (1) to compute the MMS source terms
that, when added to the BN equations, gives the exact solution pMMS(x, t) =. We then compute the
solution at time t = 0.5 ms with these source terms using ωx = 2π m−1, ωt = 16π s−1 and the following
constants

α0
1 = 0.5 Aα1 = 0.25

ρ01 = 2 kg/m3 Aρ1 = 0.025 kg/m3

u0
1 = 100 m/s Au1 = 0.25 m/s

T 0
1 = 300 K AT1 = 0.35 K

ρ02 = 1.8 kg/m3 Aρ2 = 0.08 kg/m3

u0
2 = 125 m/s Au2 = 0.15 m/s

T 0
2 = 320 K AT2 = 0.35 K .

(24)

The L2 norm of the dimensionless errors and the measured convergence rates are plotted in Fig. 5
for both phases, with and without the Schwendeman [36] reconstruction. Results confirm the expected
first- and second-order rates of convergence in all variables for both phases.

3.4 Non-ideal and non-classical vanishing phase Riemann problems
In this section, we show two Riemann problems with vanishing phases, modeling the fluids under the
SW EoS [13] through the thermodynamic library CoolProp [29] and the proposed T update scheme. For
these tests, differently from the rest of the paper, we consider the BN model with mechanical relaxations,
namely with additional source terms proportional to the pressure and velocity jumps between the two
phases. The source terms are solved through the finite relaxation solver of Chiocchetti & Muller [39].
We set sufficiently large values (1011) for the pressure and velocity relaxation parameters to mimic
instantaneous mechanical relaxation.

The first test involves two siloxanes in the non-ideal compressible regime. The left state is almost
pure MM (Hexamethyldisiloxane) vapour at higher pressure moving toward left, and the right state is
almost pure MM liquid at rest. See table 7 for the initial data. The resulting wave configuration is
sketched in Fig. 6 and is composed of a left-running rarefaction fan in the vapour phase, a two-phase
contact separating the vapour and the liquid phases, and a right-running compression shock in the liquid
phase. The comparison between the numerical results for the volume fraction, mixture pressure, density,
and velocity in Fig. 7 show great agreement with the exact solution. Note that there is a point that
appears to be falling inside the saturation curve for the numerical solution: actually, no pair (ρ1, P1) or
(ρ2, P2) of the phasic solutions reaches metastable conditions. This is a “post-processing artifact” that
occurs because, across the numerically diffused two-phase contact, a single point of the mixture solution
(ρm, Pm) is inside the two-phase region, with ρm = αρ1 + αρ2 and Pm = α1P1 + α2P2.

The second and final test is a non-classical [32, 33, 34] two-fluid Riemann problem with pure MD4M
(Tetradecamethylhexasiloxane) vapour in the left state and pure Toluene vapour in the right state, see
table 8 for the data. The resulting wave structure is sketched in Fig. 8 and is composed of a left-running
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Figure 5: MMS spatial convergence order test for the T update scheme. Dimensionless L2 norm of the
errors and measured convergence rates for volume fraction and phasic densities, velocities, temperatures
and pressures. Results for phase 1 are on the left and for phase 2 on the right.

Phase 1 (SW ) Phase 2 (SW )
Fluid MM Vapour [43] MM Liquid [43]

Time CFL = 1 tfinal = 0.5 ms

Space x ∈ [0, 1] m ∆x = 1 mm

Left x < 0.5 m Right x ≥ 0.5 m

Phase 1 Phase 2 Phase 1 Phase 2
α [−] 1− 10−5 10−5 10−5 1− 10−5

ρ [kg/m3] 150 700 50 700

u [m/s] −50 −50 0 0

P [bar] 20 20 10 10

Table 7: Non-ideal two-phase MM Riemann problem with the Span-Wagner equation of state. Initial
conditions, thermodynamic and numerical data.
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Two-phase contact

t

Pure MM vapour Pure MM liquid

Rarefaction fan

Compression shock

x

Figure 6: Non-ideal two-phase MM Riemann problem with the Span-Wagner equation of state, sketch
of the solution wave structure.

Figure 7: Non-ideal two-phase MM Riemann problem with the Span-Wagner equation of state, using the
Coolprop [29] thermodynamic library. Mixture pressure, velocity, density and vapour volume fraction are
plotted at t = 0.5 ms are plotted. The results are also plotted on the density-pressure thermodynamic
plane where the saturation curve is plotted in black and the critical point in green. Comparison between
the T update scheme with instantaneous mechanical relaxation and the exact solution.
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Phase 1 (SW ) Phase 2 (SW )
Fluid Toluene Vapour [47] MD4M Vapour [46]

Time CFL = 1 tfinal = 2.5 ms

Space x ∈ [0, 1] m ∆x = 1 mm

Left x < 0.2 m Right x ≥ 0.2 m

Phase 1 Phase 2 Phase 1 Phase 2
α [−] 10−5 1− 10−5 1− 10−5 10−5

ρ [kg/m3] 20 340 8 35

u [m/s] 0 0 50 50

P [bar] 10 10 3.45 3.45

Table 8: Non-classical MD4M-Toluene Riemann problem with the Span-Wagner equation of state Initial
conditions, thermodynamic and numerical data.

Two-phase contact

t

Pure MD4M vapour Pure toluene vapour

Rarefaction fan

Rarefaction fan

Rarefaction shock
Compression shock

x

Figure 8: Non-classical MD4M-Toluene two-fluid Riemann problem with the Span-Wagner equation of
state, sketch of the solution wave structure.

non-classical composite rarefaction wave, a two-phase contact separating the MD4M vapour and Toluene
vapour, and a right running compression shock in Toluene vapour. The left-running composite wave
is a result of the MD4M vapour crossing the non-classical gas-dynamics region where the fundamental
derivative of gas-dynamics Γ = 1 + ρc (∂c/∂P )s goes below zero. Starting from the left in Fig. 8, the
isentropic rarefaction fan’s characteristics start “folding” as they near the Γ < 0 region, until they match
the speed of the double-sonic-shock [44, 45]. This rarefaction shock satisfies the ∆s > 0 condition due to
the rarefaction branch of the Rankine-Hugoniot curve crossing the Γ < 0 region. At the right side of the
double-sonic-shock, another isentropic rarefaction fan starts when the characteristics that were previously
“folding” match the shock speed again. Note that the SW EoS used here for MD4M [46] is based on
data that is valid only up to, roughly, the critical point. Since the goal of this test is not to validate the
scheme against experimental results, but only compare against analytical solutions, we will accept this
extrapolation. Plots of the volume fraction, mixture pressure, density and velocity in Fig. 9 show great
agreement between the numerical and exact solution, even across the complex non-classical wave located
in x ∈ [0.07, 0.25] m. Results plotted on the thermodynamic planes for MD4M and Toluene confirm the
accuracy of the solution, and the formation of the double-sonic rarefaction shock at x ≃ 0.15 m can be
best appreciated in the mixture density plot.

4 Conclusions
We presented a mixture-conservative temperature update scheme for the full Baer-Nunziato partial total
energy equation. The scheme is valid for arbitrary equations of state and spatial discretization. We
showed that the time evolution of the mixture total energy imbalance retains the same behavior as the
standard partial total energy update scheme on various 1D Riemann problems from the literature and
also when employing complex thermodynamic models such as the Span-Wagner EoS. Furthermore, the
pressure-velocity non-disturbance condition remains satisfied. We showed using the van der Waals EoS
that the convergence order of the spatial discretization is retained for both first and second order with
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Figure 9: Non-classical MD4M-Toluene two-fluid Riemann problem with the Span-Wagner equation of
state. Mixture pressure, velocity, density and toluene volume fraction are plotted at t = 2.5 ms. Com-
parison between the T update scheme with instantaneous mechanical relaxation and the exact solution.
Results on the ρ-P thermodynamic planes are plotted for each phase only where the corresponding vol-
ume fraction is above 0.99. The saturation curves are plotted in black, the Γ = 0 isoline for MD4M in
grey and the critical point for MD4M in green.
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reconstruction. The proposed scheme works well also in two vanishing phase Riemann problems with
instantaneous mechanical relaxation in the non-ideal regime, including non-classical wave configurations.
The measured computational speed-up of 440% is lower than the expected 700% measured in a similar
scheme for single-phase flows developed in a previous work. This is due to the reconstruction of phasic
pressures instead of phasic temperatures, required to preserve the pressure-velocity non-disturbance
condition. An alternative reconstruction strategy will be studied in future work.
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