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Abstract: New conservative forms are introduced for time metrics and the Jacobian, which satisfy
the geometric conservation law (:GCL) identity even when higher-order spatial discretization is
employed for the moving and deforming meshes. The conservative quantities are ensured to keep
constant for three-dimensional moving and deforming meshes with use of these new forms for the
computation of the uniform flow. In addition, one of the new forms has spatial symmetry property,
and some tests indicate the significance of the spatial symmetry in the expression of time metrics
and the Jacobian.
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1 Introduction

Body-fitted coordinate systems are often adopted to compute the fluid motion around arbitrary body shapes.
In this case, the coordinate transformation metrics from the body-fitted coordinate system to the Cartesian
coordinate system are introduced for the computation. Although transformation metrics analytically satisfy
freestream preservation, which is called the “geometric conservation law” (GCL) [11], some discretized forms
of metrics break the GCL identities with certain finite difference schemes. The GCL identities consist of
“surface closure law” (SCL) 1 and “volume conservation law” (VCL) [17]. We focus on the VCL identity.
For details on the GCL identities, refer to the review article [12][13].

In terms of the freestream preservation for a moving and deforming grid, Visbal and Gaitonde have
proposed a method to replace the governing equation with an equation in which the time derivative of the
Jacobian is split from the conservative fluxes (Sec. 3.3 in [16] and Sec. 4.3 in [15]) for high-order schemes; this
is called the split form in this paper; on the other hand, the conservative expression of the governing equation
is referred to as the conservative form. In the split form, the error within the discretized VCL identity is
subtracted and the freestream is preserved. However, the split form is potentially nonconservative in terms
of the time derivative of the Jacobian, whose inverse corresponds to each cell volume in the computation.
As a result, the summation of conservative quantities in the computational region is not preserved when the
computational region is being deformed. The use of the conservative form of the governing equation cancels
out the error related to the preservation of conservative quantities, where the discretized VCL identities
should be satisfied for freestream preservation. A number of techniques for the discretization of time metrics
and the Jacobian have been proposed from a geometric viewpoint, e.g., finite volume schemes [13], which
are not suitable for high-order finite difference schemes. In addition, the special form (Sec. 3.D in [10]) has

1This identity is called “surface (area) conservation law” in previous studies [4][14][17]. It is called “surface closure law” in
this paper and states that the sum of surface area vectors equals 0.
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been proposed, in which the conservative flux for a freestream condition is subtracted from the conservative
form in advance. However, this method is not valid for a flow field where the freestream cannot be defined.

We aim to propose new analytical forms for time metrics and the Jacobian, that is, asymmetric conser-
vative metrics and symmetric conservative metrics of which discretizations satisfy the VCL identity at each
time step of any linear high-order finite difference scheme. The use of asymmetric and symmetric conser-
vative metrics for time metrics and the Jacobian enables adopting the conservative form of the governing
equation. Therefore, it is expected that the preservation of both the freestream and conservative quantities
that are integrated over the computational region is accomplished for any linear high-order finite difference
scheme. Note that a form of asymmetric conservative metrics has been proposed for the discretization of
spatial metrics for stationary grids [11]. In terms of coordinate invariance, spatial symmetry property has
been introduced to asymmetric conservative metrics for spatial metrics [14]. These discretized spatial metrics
satisfy the SCL identities for any linear high-order finite difference scheme, which has been experimentally
proven by Visbal and Gaitonde [15] and mathematically proven by Vinokur and Yee [14]. Nonlinear high-
order schemes are addressed in [4][8]. It should be mentioned that for moving but nondeforming grid, the
use of nonconservative metrics for time metrics and the Jacobian can satisfy the VCL identity for any linear
high-order finite difference scheme, and so has been constructed by Vinokur and Yee [14]. The forms pro-
posed here, i.e., asymmetric and symmetric conservative metrics for time metrics and the Jacobian are an
extension of those used for spatial metrics [15][14].

The rest of the paper is organized as follows. We state the problem and assumptions in Sec. 2. The newly
proposed analytical expression, i.e., asymmetric and symmetric conservative metrics for time metrics and
the Jacobian are introduced, and its validation for any linear high-order finite difference scheme is shown
in Sec. 3. Numerical tests on three-dimensional deforming grids with high-order schemes are described in
terms of freestream preservation and the resolution of an isentropic vortex in Sec. 4. These numerical tests
also validate the conservative form of the governing equation in terms of the preservation of conservative
quantities integrated over the computational region. We summarize the results and state our future work
relating to the proposed forms in Sec. 5.

2 Coordinate system and governing equation

Consider the flow field around an arbitrary body shape, where the Cartesian and body-fitted coordinate
systems are introduced to represent physical space. Let the Cartesian coordinate system be {t, x, y, z}
and the body-fitted coordinate system be {τ, ξ, η, ζ}. Each coordinate is assumed to have the following
relationships:

ξ = ξ(t, x, y, z), η = η(t, x, y, z), ζ = ζ(t, x, y, z), (1)
x = x(τ, ξ, η, ζ), y = y(τ, ξ, η, ζ), z = z(τ, ξ, η, ζ), (2)

t = τ, (3)

where {t, x, y, z} are assumed to be nondimensionalized by the reference time and length. The coordinate
transformation matrix is defined from the Cartesian coordinate system to the body-fitted coordinate system.
The spatial metrics are defined as

ξz/J = xηyζ − xζyη, ηz/J = xζyξ − xξyζ , ζz/J = xξyη − xηyξ, (4)

where ζz denotes the partial derivative of ζ in terms of z, i.e., ∂ζ/∂z. The partial derivatives of τ , ξ, η, ζ, t,
x, and y are similarly denoted in the note. The Jacobian J is defined as

(Non-cons-met.)

1/J ≡ ∂(x, y, z)
∂(ξ, η, ζ)

= xξyηzζ − xηyξzζ + xζyξzη − xξyζzη + xηyζzξ − xζyηzξ, (5)
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where (Non-cons-met.) denotes the nonconservative metric. The time metrics are defined as

(Non-cons-met.) ξt/J = xηyτzζ − xηyζzτ + xζyηzτ − xζyτzη + xτyζzη − xτyηzζ , (6)
(Non-cons-met.) ηt/J = xξyζzτ − xξyτzζ + xζyτzξ − xζyξzτ + xτyξzζ − xτyζzξ, (7)
(Non-cons-met.) ζt/J = xηyξzτ − xηyτzξ + xξyτzη − xξyηzτ + xτyηzξ − xτyξzζ . (8)

The other metrics are similarly introduced, but their definitions are not presented here. The compressible
Euler equations are written in the body-fitted coordinate system as

Q̂τ = −Êξ − F̂η − Ĝζ , (9)

Q̂ =
1
J


ρ
ρu
ρv
ρw
e

 , Ê =
1
J


ρU

ρuU + ξxp
ρvU + ξyp
ρwU + ξzp

(e + p)U − ξtp

 , F̂ =
1
J


ρV

ρuV + ηxp
ρvV + ηyp
ρwV + ηzp

(e + p)V − ηtp

 , Ĝ =
1
J


ρW

ρuW + ζxp
ρvW + ζyp
ρwW + ζzp

(e + p)W − ζtp

 ,

U = ξt + ξxu + ξyv + ξzw,

V = ηt + ηxu + ηyv + ηzw,

W = ζt + ζxu + ζyv + ζzw,

where ρ,u = (u, v, w), p, and e denote density, flow velocity vector expressed in Cartesian coordinates,
pressure, and whole energy per unit volume, respectively. All variables are normalized by the reference
length, density, and sound speed. U = (U, V, W ) is called the contravariant velocity vector. The equation
of state of ideal gas is coupled with Eq.(9) and the equations are closed.

3 New evaluation for time metrics and the Jacobian

In this section, we introduce a new evaluation for time metrics and the Jacobian. First, asymmetric conser-
vative metrics for time metrics and the Jacobian are introduced. Then, we show how discretized asymmetric
conservative metrics satisfy the VCL identity for any linear high-order finite difference scheme. Finally,
the symmetric conservative metrics are proposed from a viewpoint of coordinate invariance property for
computation.

3.1 Conservative metrics

Proper discretization of metrics and the Jacobian is often conducted on the basis of freestream preservation,
which is called GCL [11]:

(ξx/J)ξ + (ηx/J)η + (ζx/J)ζ = 0, (10)

(ξy/J)ξ + (ηy/J)η + (ζy/J)ζ = 0, (11)

(ξz/J)ξ + (ηz/J)η + (ζz/J)ζ = 0, (12)

(1/J)τ + (ξt/J)ξ + (ηt/J)η + (ζt/J)ζ = 0, (13)

where Eqs.(10)–(12) are the SCL identities, and Eq.(13) is the VCL identity [17]. The SCL and VCL identities
are analytical identities that represent the surface closure and volume conservation of finite volumes [13],
respectively. However, note that the discretized SCL and VCL identities are often broken when improper
discretization is employed for time metrics and the Jacobian. We propose a new evaluation for time metrics
and the Jacobian that satisfies the VCL identity with any linear high-order finite difference scheme. Now,
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we let

(Asym-cons-met.)
1/J = [{(xξy)η − (xηy)ξ}z︸ ︷︷ ︸

A

]ζ + [{(xζy)ξ − (xξy)ζ}z︸ ︷︷ ︸
B

]η + [{(xηy)ζ − (xζy)η}z︸ ︷︷ ︸
C

]ξ. (14)

(Asym-cons-met.)
ξt/J = [{(xτy)ζ − (xζy)τ}z︸ ︷︷ ︸

D

]η + [{(xηy)τ − (xτy)η}z︸ ︷︷ ︸
E

]ζ + [{(xζy)η − (xηy)ζ}z︸ ︷︷ ︸
−C

]τ , (15)

(Asym-cons-met.)
ηt/J = [{(xτy)ξ − (xξy)τ}z︸ ︷︷ ︸

F

]ζ + [{(xξy)ζ − (xζy)ξ}z︸ ︷︷ ︸
−B

]τ + [{(xζy)τ − (xτy)ζ}z︸ ︷︷ ︸
−D

]ξ, (16)

(Asym-cons-met.)
ζt/J = [{(xηy)ξ − (xξy)η}z︸ ︷︷ ︸

−A

]τ + [{(xτy)η − (xηy)τ}z︸ ︷︷ ︸
−E

]ξ + [{(xξy)τ − (xτy)ξ}z︸ ︷︷ ︸
−F

]η, (17)

where (Asym-cons-met.) denotes asymmetric conservative metrics. The discretized time metrics and the
Jacobian based on Eqs.(14)–(17) always satisfy the VCL identity (13), regardless of the finite difference
scheme employed for the discretization under the condition described in Sec. 3.2. In terms of coordinate
invariance, we introduce the spatial symmetry property into Eqs.(14)–(17), and get

(Sym-cons-met.)

1/J =
{

[{(xξy)η − (xηy)ξ} z]ζ + [{(xζy)ξ − (xξy)ζ} z]η + [{(xηy)ζ − (xζy)η} z]ξ

+ [{(yξz)η − (yηz)ξ}x]ζ + [{(yζz)ξ − (yξz)ζ}x]η + [{(yηz)ζ − (yζz)η}x]ξ
+ [{(zξx)η − (zηx)ξ} y]ζ + [{(zζx)ξ − (zξx)ζ} y]η + [{(zηx)ζ − (zζx)η} y]ξ
+ [{(yηx)ξ − (yξx)η} z]ζ + [{(yξx)ζ − (yζx)ξ} z]η + [{(yζx)η − (yηx)ζ} z]ξ
+ [{(zηy)ξ − (zξy)η}x]ζ + [{(zξy)ζ − (zζy)ξ}x]η + [{(zζy)η − (zηy)ζ}x]ξ

+ [{(xηz)ξ − (xξz)η} y]ζ + [{(xξz)ζ − (xζz)ξ} y]η + [{(xζz)η − (xηz)ζ} y]ξ
}

/6, (18)

(Sym-cons-met.)

ξt/J =
{

[{(xτy)ζ − (xζy)τ} z]η + [{(xηy)τ − (xτy)η} z]ζ + [{(xζy)η − (xηy)ζ} z]τ

+ [{(yτz)ζ − (yζz)τ}x]η + [{(yηz)τ − (yτz)η}x]ζ + [{(yζz)η − (yηz)ζ}x]τ
+ [{(zτx)ζ − (zζx)τ} y]η + [{(zηx)τ − (zτx)η} y]ζ + [{(zζx)η − (zηx)ζ} y]τ
+ [{(yζx)τ − (yτx)ζ} z]η + [{(yτx)η − (yηx)τ} z]ζ + [{(yηx)ζ − (yζx)η} z]τ
+ [{(zζy)τ − (zτy)ζ}x]η + [{(zτy)η − (zηy)τ}x]ζ + [{(zηy)ζ − (zζy)η}x]τ

+ [{(xζz)τ − (xτz)ζ} y]η + [{(xτz)η − (xηz)τ} y]ζ + [{(xηz)ζ − (xζz)η} y]τ
}

/6. (19)

where (Sym-cons-met.) denotes symmetric conservative metrics. Similar simmetry property has been intro-
duced to spatial metrics in conservative form by Vinokur and Yee[14]. The other time metrics are similarlly
expressed in (Sym-cons-met.), but omitted for brevity.

The spatial metrics are expressed as

ξz/J = (xηy)ζ − (xζy)η, ηz/J = (xζy)ξ − (xξy)ζ , ζz/J = (xξy)η − (xηy)ξ, (20)

with which the discretized SCL identities are satisfied for any linear high-order finite difference scheme. The
other spatial metrics in Eq.(4) are similarly rewritten. These expressions were first introduced by Thomas
and Lombard for a second-order central scheme [11] and were subsequently extended for any linear high-
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order finite difference scheme experimentally by Gaitonde and Visbal (Sec. 8 in [6], Sec. 4.2 in [15]). The
mathematical proof and extention to the symmetric form have been carried out by Vinokur and Yee (Sec. 8.3.3
in [14]). Note that all schemes in Sec. 4 adopt Eq.(20) as spatial metrics.

3.2 Discretization of asymmetric conservative metrics

In this section, the validation of the discretized asymmetric conservative metrics is performed in a manner
similar to that for spatial metrics by Deng et al. [4]. Let φ(τ, ξ, η, ζ) represent an arbitrary physical quantity
in physical space, which is discretized as φ(τi, ξj , ηk, ζl) ≡ φi,j,k,l. We introduce the multiple finite difference
operator as

δξ
1(δ

τ
2φ)i,j,k,l '

∂

∂ξ

(
∂

∂τ
φi,j,k,l

)
, (21)

where the subscript of the finite difference operator δ indicates the number of finite difference schemes, and
the physical quantity is differentiated with respect to the variables denoted by the superscripts. The left
hand side of the VCL identity is discretized with the finite difference operator (21) as follows:

δτ
1 (1/J) + δξ

1(ξt/J) + δη
1 (ηt/J) + δζ

1(ζt/J)

= δτ
1 (δζ

2A + δη
2B + δξ

2C) + δξ
1(δ

η
2D + δζ

2E − δτ
2C)

+ δη
1 (δζ

2F − δτ
2B − δξ

2D) + δζ
1(−δτ

2A − δξ
2E − δη

2F ). (22)

Note that Eq.(22) is obtained by substituting (Asym-cons-met.) for time metrics and the Jacobian [Eqs.(15)–
(17) and Eq.(14)] into the left hand side of the VCL identity (13). The symbols from A to F in Eq.(22)
correspond to each term in time metrics [Eqs.(15)–(17)] and the Jacobian [Eq.(14)]. Here, the subscripts
for the indices are omitted for brevity. The discretized VCL identity is satisfied [in other words, Eq.(22)
diminishes] only when the following relationships are satisfied.

δτ
1 δζ

2 = δζ
1δτ

2 , δτ
1 δη

2 = δη
1δτ

2 , δτ
1 δξ

2 = δξ
1δ

τ
2 , (23)

δξ
1δ

η
2 = δη

1δξ
2, δξ

1δ
ζ
2 = δξ

1δ
ζ
2 , δη

1δζ
2 = δη

1δζ
2 . (24)

The relationships (23) and (24) are nontrivial. In the following, δτ
1 δη

2 = δη
1δτ

2 represents the relationships
(23) and (24). We show that δτ

1 δη
2 = δη

1δτ
2 is satisfied for any linear high-order finite difference method under

the following condition. Any linear high-order finite difference operator [4] can be described as a weighted
average of the first-order forward-facing difference operator as

δτ
1 =

Ma∑
m=La

am(φi+m+1,j,k,l − φi+m,j,k,l), δη
1 =

Mb∑
m=Lb

bm(φi,j,k+m+1,l − φi,j,k+m,l), (25)

δτ
2 =

Mc∑
m=Lc

cm(φi+m+1,j,k,l − φi+m,j,k,l), δη
2 =

Md∑
m=Ld

dm(φi,j,k+m+1,l − φi,j,k+m,l). (26)

The limits La, ..., Ld, Ma, ..., Md, and coefficients am, ..., dm vary depending on the finite difference scheme
employed. The discretized operators δτ

1 δη
2 and δη

1δτ
2 can be expanded using either of the linear high-order
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finite difference operators (25) and (26) as follows.

δτ
1 δη

2 =
Ma∑

m=La

Md∑
n=Ld

{amdn(φi+m+1,j,k+n+1,l − φi+m+1,j,k+n,l

− φi+m,j,k+n+1,l + φi+m,j,k+n,l)}, (27)

δη
1δτ

2 =
Mb∑

m=Lb

Mc∑
n=Lc

{bmcn(φi+m+1,j,k+n+1,l − φi+m+1,j,k+n,l

− φi+m,j,k+n+1,l + φi+m,j,k+n,l)}. (28)

The relationship δτ
1 δη

2 = δη
1δτ

2 becomes true at least under the following condition: for any m,

{am = cm, dm = bm,Ma = Mc, La = Lc,Md = Mb, Ld = Lb}. (29)

The sufficient condition (29) indicates that for multiple finite differences in a specific direction (including
the time derivative), the unique operator should be used. This condition is also satisfied for the boundary
scheme if the boundary scheme is unique for the same direction and is not satisfied when a different operation
is used for a different grid line in the same direction. For this sufficient condition, any linear high-order finite
difference operator can be employed to discretize the differentiation in the time and space directions. A
similar approach can be used for the relationships (23) and (24). Note that discretized time metircs and
Jacobian in (Sym-cons-met.) are similarly proven to satisfy the VCL identity.

4 Numerical tests

The compressible Euler equations are computed to validate the new evaluation for time metrics and the
Jacobian, i.e., (Asym-cons-met.) and (Sym-cons-met.).

4.1 Computational methods

In this section, we present schemes and numerical methods.

4.1.1 Time discretization

The governing equation is written in Eq.(9), with which (Asym-cons-met.) [Eqs.(14)–(17)] are used for the
discretization of time metrics and the Jacobian. On the other hand, the governing equation is also reformed
into its nonconservative form in terms of the Jacobian (Sec. 3.3 in [16] and Sec. 4.3 in [15]), with which
(Non-cons-met.) [Eqs.(5)–(8)] can be used for the discretization of time metrics and the Jacobian. These
governing equations are called the conservative form [(Cons.)] and split form [(Split.)], respectively.

(Cons.) (Q/J)τ = −RHS(Q/J), (30)
(Split.) Qτ = −J{RHS(Q/J) − Q[(ξt/J)ξ + (ηt/J)η + (ζt/J)ζ ]}, (31)

where Eq.(30) corresponds to Eq.(9) and RHS(Q/J) denotes the right hand side of Eq.(9). Equation (31)
corresponds to Eq.(30) using the VCL identity (13). Note that because of freestream preservation, (Cons.)
[Eq.(30)] should be adopted with (Asym-cons-met.) or (Sym-cons-met.) [Eqs.(14)–(17) or Eqs.(14)–(19)] for
time metrics and the Jacobian, whereas (Split.) [Eq.(31)] does not offer such an expression for time metrics
and the Jacobian that satisfy the discretized VCL identity. In the following, all schemes adopt the two-stage
rational Runge-Kutta method for time integration on the basis of Eq.(30) or (31).

4.1.2 Schemes and deforming grid

Here, we introduce some schemes for the computation of compressible Euler equations in order to validate the
new evaluation for time metrics and the Jacobian, i.e., (Asym-cons-met.) or (Sym-cons-met.) [Eqs.(14)–(17)
or Eqs.(14)–(19)]. The following schemes are used.
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• NCM-CF: (Non-cons-met.) [Eqs.(5)–(8)] are used for the discretization of time metrics and the Jaco-
bian; (Cons.) [Eq.(30)] is used for the time discretization of the governing equation.

• ACM-CF: (Asym-cons-met.) [Eqs.(14)–(17)] are used for the discretization of time metrics and the
Jacobian; (Cons.) [Eq.(30)] is used for the time discretization of the governing equation.

• NCM-SF: (Non-cons-met.) [Eqs.(5)–(8)] are used for the discretization of time metrics and the Jaco-
bian; (Split.) [Eq.(31)] is used for the time discretization of the governing equation.

• SCM-CF: (Sym-cons-met.) [Eqs.(18)–(19)] are used for the discretization of time metrics and the
Jacobian; (Cons.) [Eq.(30)] is used for the time discretization of the governing equation.

The numerical methods and conditions common to all schemes in Table 1 are as follows. The computation
is performed for the compressible inviscid fluid in the cubic region, which deforms with time. The governing
equation are the compressible Euler equations [Eq.(30) or (31)]. The fluid is assumed to be an ideal gas
and the ratio of specific heat γ = 1.4 is that of air. Periodic boundary conditions are adopted for the
computational region.

The initial grid exists in −L0/2 ≤ x0, y0, z0 ≤ L0/2 and has a cubic shape. Grid points in each di-
rection are located at the equally spaced discrete Nmax points, that is, the position of the grid point is
expressed as (x0;j , y0;k, z0;l) = (−L0/2 + (j − 1)∆x0,−L0/2 + (k − 1)∆y0,−L0/2 + (l − 1)∆z0) [∆x0 =
∆y0 = ∆z0 = L0/(Nmax − 1), 1 ≤ j, k, l ≤ Nmax]. The body-fitted coordinates (ξ, η, ζ) are discretized as
(ξj , ηk, ζl) = [(j − 1)∆ξ, (k − 1)∆η, (l − 1)∆ζ]. Let ∆ξ = ∆η = ∆ζ = 1.0, which corresponds to each
grid points (xj,k,l, yj,k,l, zj,k,l). The grid deforms temporally and each grid point [xrm

j,k,l(τ), yrm
j,k,l(τ), zrm

j,k,l(τ)]
moves randomly:

xrm
j,k,l(τ) = x0;j + R sin[φrm

j,k,l(τ)] cos[θrm
j,k,l(τ)], (32)

yrm
j,k,l(τ) = y0;k + R sin[φrm

j,k,l(τ)] sin[θrm
j,k,l(τ)], (33)

zrm
j,k,l(τ) = z0;l + R cos[φrm

j,k,l(τ)], (34)

where R = 0.20∆x0 and −π/2 ≤ θrm
j,k,l(τ), φrm

j,k,l(τ) ≤ π/2 are given randomly. The computational parameters
are set as follows: ∆x0 = 0.1, Nmax = 21, and ∆τ = 0.1, i.e., the Courant number is set to 0.37. The
computation is performed for 0 ≤ τ ≤ 6.0, and the computational time is discretized as τn = n∆τ . Note
that the manner of grid deformation is consistent for each numerical test (in Sec. 4.2.1 and Sec. 4.2.2).

Table 1: Schemes examined in this paper

Scheme Time metrics and the Jacobian Governing equations
NCM-CF (Non-cons-met.) [Eqs.(4)–(5)] (Cons.) [Eq.(30)]
ACM-CF (Asym-cons-met.) [Eqs.(14)–(17)] (Cons.) [Eq.(30)]
SCM-CF (Sym-cons-met.) [Eqs.(18)–(19)] (Cons.) [Eq.(30)]
NCM-SF (Non-cons-met.) [Eqs.(4)–(5)] (Split) [Eq.(31)]

4.2 Computational results

4.2.1 Freestream preservation

Now, the error in freestream preservation is shown. The initial flow is assumed to be a uniform flow in the
x direction:

u0 = 0.10, v0 = w0 = 0.0, p0 = ρ0 = 1.0. (35)

First, L∞-norm is defined as the maximum disturbance of the flow velocity at τ = 6.0: L∞ ≡ max{|v −
v0|/u0, |w − w0|/u0}. The preservation of conservative quantities integrated over the computational region
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is also defined as

φ̂ ≡ φ/J, (36)

〈φ〉 ≡
Nmax∑

j,k,l=1

(φ̂ − φ̂0)j,k,l

/ Nmax∑
j,k,l=1

φ̂0;j,k,l '
∫

VR

(φ − φ0)dV

/∫
VR

φ0dV , (37)

where subscript 0 denotes the initial values and VR indicates the computational region. Table 2 shows the
result of freestream preservation at τ = 6.0, where the randomly deforming grid is used, and the fourth-order
explicit central scheme is employed for the spatial discretization without losing generality.

Table 2 indicates that the schemes which satisfy discretized GCL identities, i.e., ACM-CF, SCM-CF
and NCM-SF, maintain freestream preservation. The schemes where the conservative form of the governing
equation is used, i.e., NCM-CF, ACM-CF and SCM-CF, maintain the preservation of the conservative
quantities 〈Q〉. The use of (Cons.) for the governing equation potentially ensures the preservation of
conservative quantities. Note that when a larger number of grid points or larger distortion, e.g., R = 0.25∆x,
is adopted for the grid, qualitatively similar results are obtained in terms of freestream preservation and the
preservation of conservative quantities.

Table 2: Freestream preservation errors for randomly deforming grid (L∞-norm and 〈Q〉 at τ = 6.0);
fourth-order explicit central scheme is used.

Scheme L∞-norm 〈ρ〉 〈ρu〉 〈ρe〉
NCM-CF 5.00 × 10−1 6.72 × 10−17 1.14 × 10−16 3.04 × 10−16

ACM-CF 1.27 × 10−15 5.97 × 10−17 1.16 × 10−16 2.94 × 10−16

SCM-CF 8.03 × 10−16 3.16 × 10−17 1.02 × 10−16 2.63 × 10−16

NCM-SF 1.51 × 10−15 −6.44 × 10−6 −6.44 × 10−6 −6.44 × 10−6

4.2.2 Preservation of isentropic vortex

The initial flow is a two-dimensional isentropic vortex [3]:

u0 = ε
y

R2
c

exp
[
α

(
1 − x2 + y2

R2
c

)]
, v0 = ε

x

R2
c

exp
[
α

(
1 − x2 + y2

R2
c

)]
, (38)

T0 =
p∞
ρ∞

− γ − 1
4αγ

ε2 exp
[
2α

(
1 − x2 + y2

R2
c

)]
, (39)

w0 = 0.0, p∞ = ρ0 = ρ∞ = 1.0, (40)

where ε = 0.02, α = 0.204, and Rc = 1.0.
Figures 1, 2, 3 show contours of the velocity magnitude on the ζ-constant plane at τ = 6.0 for a randomly

deforming grid with a fourth-order explicit central scheme. Figure 4 shows the distribution of v, ρ and p along
the ζ- and η-constant line. The analytical solutions of v, ρ, and p in Fig. 4 appear to be unfamiliar because
they are calculated along the ζ- and η-constant line, which is not straight at τ = 6.0. Figures 1, 2, 3 and 4
indicate that the schemes that satisfy the discretized GCL identities, i.e., ACM-CF, SCM-CF and NCM-SF,
maintain a vortex that is better than NCM-CF. In particular, SCM-CF shows the best resolution of a vortex
in Figs. 1(a)–(d); it follows that on highly deforming grid, a vortex is better preserved by introducing the
symmetry property into time metrics and Jacobian.

Figures 5(a) and (b) show the preservation of conservative quantities when the randomly deforming grid
is used with the fourth-order explicit central scheme. Figures 5(a) and (b) indicate that NCM-CF, ACM-
CF and SCM-CF preserve the conservative quantities that are integrated over the computational region.
In addition, the preservation of the inverse of the Jacobian integrated over the computational region, i.e.,
the volume of the computational region, is better with ACM-CF and SCM-CF than with SDM-CF and
SDM-SF [see Fig. 5(c)]. In particular, the use of (Cons.) for the governing equation potentially ensures the

8



preservation of conservative quantities, which is a result similar to that of freestream preservation (shown in
Table 2). We also computed the isentropic vortex on a sinusoidally deforming grid and confirmed that the
formal order-of-accuracy is maintained by checking the L2-error while varying the grid density.

Note that when asymmetric conservative metrics are adopted for the random grid with R = 0.12∆x,
the sixth-order compact scheme[7] blows up at τ = 3.0; on the other hand, symmetric conservative metrics
does not blow up at τ > 20.0. This indicates that the symmetric conservative metric is more robust for
computations on an intensively deforming grid.

Fig. 1: Resolution of isentropic vortex (contours of velocity magnitude on ζ-constant plane at τ = 6.0 on
randomly deforming grid. Contour is from 0.0 to 0.34. The fourth-order explicit central scheme is employed
for spatial discretization): (a) NCM-CF, (b) ACM-CF, (c) SCM-CF, (d) NCM-SF.

Fig. 2: Resolution of isentropic vortex (contours of pressure on ζ-constant plane at τ = 6.0 on randomly
deforming grid. Contour is from 0.85 to 1.02. The fourth-order explicit central scheme is employed for
spatial discretization): (a) NCM-CF, (b) ACM-CF, (c) SCM-CF, (d) NCM-SF.

5 Concluding remarks

A new evaluation for time metrics and the Jacobian, i.e., asymmetric conservative metrics and symmetric
conservative metrics were investigated. It was shown that discretized asymmetric and symmetric conservative
metrics satisfy the VCL identity with any linear high-order finite difference scheme. The new scheme with
the use of asymmetric and symmetric conservative metrics for time metrics and the Jacobian accomplishes
the both of preservation of freestream and the conservative quantities integrated over the computational
region even on severely-deforming grid. In particular, symmetric conservative metrics where a symmetry
property in space is introduced into asymmetric conservative metrics give fine resolution for the computation
of a vortex.

Numerical tests were conducted to validate this new evaluation for time metrics and the Jacobian: the
computation of compressible Euler equations was performed for a three-dimensional randomly deforming
grid, where freestream preservation and the resolution of a two-dimensional isentropic vortex were exam-
ined. When the fourth-order explicit central scheme was employed for spatial discretization on a randomly
deforming grid, in terms of freestream preservation, the performance of the schemes with asymmetric and
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Fig. 3: Resolution of isentropic vortex (contours of z-vorticity on ζ-constant plane at τ = 6.0 on randomly
deforming grid. Contour is from 0.0 to 0.34. The fourth-order explicit central scheme is employed for spatial
discretization): (a) NCM-CF, (b) ACM-CF, (c) SCM-CF, (d) NCM-SF.

Fig. 4: Resolution of isentropic vortex (the distribution of v, ρ and p along ζ- and η-constant line at τ = 6.0
on a randomly deforming grid. A fourth-order explicit central scheme is employed for spatial discretization):
(a) v, (b) ρ and p.

Fig. 5: Preservation of conservative quantities and inverse of the Jacobian (fluctuation of 〈φ〉 in the τ -
direction. The fourth-order explicit central scheme is employed for spatial discretization. log |〈1〉| corresponds
to the error in conservation of the inverse of the Jacobian): (a) log |〈ρ〉|, (b) log |〈ρe〉|, (c) log |〈1〉|.
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symmetric conservative metrics was similar to the widely used method, i.e., the split form (Sec. 3.9 in [5],
Sec. 3.1 in [9], Sec. 4.3 in [15] and Sec. 3.3 in [16]) of the governing equation. However, the preservation of
conservative quantities integrated over the computational region can be achieved only when the conservative
form of the governing equation is adopted, with which the use of asymmetric and symmetric conservative
metrics for time metrics and the Jacobian preserves the freestream. When the sixth-order compact scheme [7]
was employed, the preservation of conservative quantities should be carefully considered. This is because
all inner points evaluated by the compact scheme are influenced by the boundary scheme, and the conser-
vation property has a strong relationship with the inflow and outflow at the boundary. With respect to
the resolution of the two-dimensional isentropic vortex, there was no significant difference between the two
evaluations for time metrics and the Jacobian:nonconservative metrics and asymmetric conservative metrics.
However, with introducing the symmetry property into asymmetric conservative metrics, i.e., using symmet-
ric conservative metrics, the resolution of isentropic vortex was improved on intensively deforming grid. The
preservation of conservative quantities was also significantly improved with the asymmetric and symmetric
conservative metrics. Therefore, we conclude that in terms of freestream preservation and the resolution
of the isentropic vortex, the discretized VCL identity should be satisfied with any scheme i.e., the use of
asymmetric and symmetric conservative metrics for time metrics and the Jacobian or the use of the split form
of the governing equation. On the other hand, the preservation of conservative quantities integrated over
the computational region is maintained only when the conservative form of the governing equation is used
(see Table 3). In terms of the improvement of resolution for an isentropic vortex on highly-deforming grid,
the symmetry property in space for time metrics and Jacobian was considered to be of great significance.
In addition, symmetric conservative metrics is more robust than asymmetric conservative metrics with the
use of sixth-order compact scheme. The robustness of the symmetric conservative metrics is pursued in
terms of their geometries in present: for example, it was determined that the discretized Jacobian based on
the symmetric conservative metric corresponds to the volume of the cell with any linear high-order finite
difference scheme [1][2].

Table 3: Summary of schemes; © is better than ×;
⊙

is better than ©.

Scheme
Preservation of

conservative quantities Freestream preservation Resolution of vortex
NCM-CF © × ×
ACM-CF © © ©
SCM-CF © ©

⊙
NCM-SF × © ©
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